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0. Introduction 

We begin with a quick summary of the notions of global singularity theory and the 
theory of Thorn polynomials. For a more detailed review we refer the reader to lfTll27ll. 

Consider a holomorphic map / : N — > K between two complex manifolds, of dimen- 
sions n < k. We say that p e N is a singular point of / if the rank of the differential 
df p : T p N — > Tf( P )K less than n. 

Topology often forces / to be singular at some points of N, and we will be interested 
in studying such situations. Before we proceed, we introduce a finer classification of 
singular points. Choose local coordinates near p e N and f(p) e K, and consider the 
resulting map-germ f p : (C",0) — > (C*, 0), which may be thought of as a sequence of 
k power series in n variables without constant terms. The group of infinitesimal local 
coordinate changes Diff(C /: ) x Diff(C") acts on the space S(n, k) of all such map-germs. 
We will call Diff(C*) x DifF(C")-orbits or, more generally, Diff(C fe ) x Diff(C")-invariant 
subsets O c Sf(n, k) singularities. For a singularity O and holomorphic / : N —> K, we 
can define the set 

ZoVf] = {peN; f p e O), 

which is independent of any coordinate choices. Then, under some additional technical 
assumptions (compact N, appropriately chosen closed O, and sufficiently generic /), 
Z [f] is an analytic sub variety of N. The computation of the Poincare dual class a [f] e 
H*(N, Z) of this set is one of the fundamental problems of global singularity theory. This 
is indeed useful: for example, if we can prove that ao[f] does not vanish, then we can 
guarantee that the singularity O occurs at some point of the map /. 

This problem was first studied by Rene Thorn (cf. 071 EU) in the category of smooth 
varieties and smooth maps; in this case cohomology with Z/2Z-coefficients is used. 
Thorn discovered that to every singularity O one can associate a bivariant characteristic 
class t , which, when evaluated on the pair (TN, f*TK) produces the Poincare dual 
class a [f]- One of the consequences of this result is that the class a [f] depends only 
on the homotopy class of /. 

A similar result, which we will call Thorn's principle, has been used in the holo- 
morphic category (cf. E71 [T6ll and §|2]of the present paper). To formulate it in more 
concrete terms, denote by C[A, 0] 5 » x5 * the space of those polynomials in the variables 
(A\, . . . ,A n , 6\, . . . , 9k) which are invariant under the permutations of the As and the per- 
mutations of the 8s. According to the structure theorem of symmetric polynomials, 

The support of OTKA and FNS is gratefully acknolwedged. 

1 



2 



GERGELY BERCZI AND ANDRAS SZENES 



C[A, Q] s » xSk itself is a polynomial ring in the elementary symmetric polynomials: 
C[A, 0f» xS * = C[ci(A), . . . , c n {A), a(ff), c k (0)l 

Using the Chern-Weil map, a polynomial Q e C[A, 0] s " xSk , and a pair of bundles (E, F) 
over N of ranks n and respectively, produces a characteristic class Q(E, F) e H*(N, C). 
Then the complex variant of Thorn's principle reads: 

For appropriate DiS(C k )xDiff (C n )-invariant O of codimension m in J'in, k), there exists 
a homogeneous polynomial Tp e C[A, Q] SnXSk of degree m, such that for an arbitrary, 
sufficiently generic map f : N ^> K, the cycle Z [f] c N is Poincare dual to the 
characteristic class Tp (TN, f*TK), 

A precise version of this statement is described in §0 The polynomial Tp is called 
the Thorn polynomial of O, and the computation of these polynomials is a central prob- 
lem of singularity theory. 

The structure of the Dif[(C k ) x Diff(C")-action on J~(n, k) is rather complicated; even 
the parametrization of the orbits is difficult. There is, however, a simple invariant on the 
space of orbits: to each map-germ / : (C",0) — > (C k , 0), we can associate the finite- 
dimensional nilpotent algebra A i defined as the quotient of the algebra of power series 
C[[*i, . . . , , x n ]] by the ideal generated by the pull-back subalgebra /*(C[[yi, . . . , , 
This algebra Af is trivial if the map-germ / is nonsingular, and it does not change along 
a Diff(C*) x Diff(C M )-orbit (cf. §2 more details). 

Combining Thorn's principle with this observation, to each finite-dimensional nilpo- 
tent algebra A and pair of integers (n, k), one can associate a doubly symmetric polyno- 
mial Tp" A ^ k e C[A,6] s " xSk ; in the sense described above, this will serve as a universal 
Poincare dual of those points in the source spaces of holomorphic maps whose local 
nilpotent algebra is A. 

The computation of Thorn polynomials associated to nilpotent algebras is a difficult 
problem. A few structural statements are known, however (cf. §!2.7l for more details). 

First, as discovered by Damon and Ronga ([01121) in the 70's, the polynomial Tp^ k 
lies in the subring of C[A, Q] s » xSk generated by the relative Chern classes defined by the 
generating series 

f n; =1 d + ^) 

1 + c x q + c 2 q +■■■= pprrm v 

]l i= i(l +A { q) 

Next, the Thorn polynomial, expressed in terms of these relative Chern classes, only 
depends on the codimension j = k - n. More precisely, there is a unique polynomial 
TD^(ci, c 2 , . . . ) such that 

T P r*U, &) = TDl-"( Cl (A, 6), c 2 (A, 6),... ). 

Finally, in a recent paper, Feher and Rimanyi observed [16J that performing the sub- 
stitution c, i-» c,_i in TD^ produces TD^ _1 . This implies that to each nilpotent algebra A 
one can associate a power series in infinitely many variables, which encodes all of the 
Thorn polynomials associated to A. This observation served as the starting point for the 
present work. 

In this paper, we will concentrate on the so-called Morin singularities ll35l . which 
correspond to the situation when the algebra A is generated by a single element. The list 
of these algebras is simple: A d = tC[t]/t d+1 , d = 1,2, 
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The goal of our paper is to compute the Thorn polynomial TpT** for arbitrary d, n and 
k. For simplicity of notation, we will denote this polynomial by Tp d ^ k , or sometimes 
simply by Tp d , omitting the dependence on the parameters n and k. 

The problem of calculating Tp^ - ** goes back to Thorn [47]. The case d = 1 is the 
classical formula of Porteous: Tpj = Ck- n +i- The Thorn polynomial in the d = 2 case 
was computed by Ronga in [|42ll . More recently, in Q, the authors proposed a formula 
for Tp 3 ; P. Pragacz has given a sketch of a proof for this conjecture PTI . Finally, using 
his method of restriction equations, Rimanyi PHI was able to treat the n = k case, and 
computed Tpjp for d < 8 (cf. flU for the case d = 4). 

Our approach combines the test-curve model of Porteous ll40ll with localization tech- 
niques in equivariant cohomology (51 @51 @8l. We obtain a formula which reduces the 
computation of Tp n d ^ k to a certain problem of commutative algebra which only depends 
on d. This problem is trivial for d = 1, 2, 3, hence we instantly recover all results known 
for arbitrary n < k. An important feature of our formula is that it manifestly satisfies all 
three properties listed above. In particular, we obtain a tentative geometric interpretation 
for the Thorn series introduced by Feher and Rimanyi. 

The paper is structured as follows: we describe the basic setup and notions of sin- 
gularity theory in §03 essentially repeating the above construction using more formal 
notation. Next, in §12 we recall the notion of equivariant Poincare dual, which provides 
us with a convenient language for describing Thorn polynomials. We also present the 
localization formulas of Berline-Vergne [5] and Rossmann [45], which are crucial to 
our computations. In Owe develop a calculus, localizing equivariant Poincare duals 
by combining the localization principles with Vergne's integral formula for equivariant 
Poincare duals. With these preparations, we proceed to describe the test curve model 
for Morin singularities in §0 The key part of our work is §0 where we reinterpret this 
model using a double fibration in a way which allows us to compactify our model space 
and apply the localization formulas. The following section, §[6] is a rather straightfor- 
ward application of the localization techniques of §[2] to the double fibration constructed 
in §|5l The resulting formula (16.241) . in principle, reduces the computation of our Thorn 
polynomials to a finite problem, but this formula is difficult to use for concrete calcu- 
lations. Remarkably, however, the formula undergoes through several simplifications, 
which we explain in §[71 At the end of §[6l we summarize our constructions and results 
in a diagram, which will hopefully orient the reader. 

The simplifications bring us to our main result: Theorem 17 . 1 61 and formula (17.261) . 
While this formula is rather simple, it still contains an unknown quantity: a certain 
homogeneous polynomial Q d in d variables, which does not depend on n and k. The list 
of these polynomials begins as follows: 

Ql = Ql = £>3 = 1, Qa(Z\,Z%,Z3,Za) = 2Z1 + Z2-Z4,--- 

In principle, Q c i may be calculated for each concrete d using a computer algebra pro- 
gram, but, at the moment, we do not have an efficient algorithm for performing such 
calculations for large d. We discuss certain partial results in the final section of our 
paper; these, in particular, allow us to compute Q 5 by hand, and Q& using the com- 
puter algebra program Macaulay. We will elaborate on this method in a forthcoming 
publication. 
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We end the paper with an application of our theorem to positivity of Thorn series. 
Rimanyi conjectured in Il44l that the Thorn polynomials Tp d expressed in terms of rel- 
ative Chern classes have positive coefficients. Our formalism suggests a stronger posi- 
tivity conjecture, which we formulate in 38.51 and check for the first few values of d. A 
list of notations is provided in §|9]to help the reader navigate the paper. 

In closing, we note that Morin singularities are special cases of the so-called Thom- 
Boardman singularities Il47l l6ll33l. These are parametrized by finite nonincreasing se- 
quences of integers, and Morin singularities correspond to sequences starting with 1. 
Our method extends to a wider class of Thom-Boardman singularities; we hope to re- 
port on new results in this direction in a later publication. 

Acknowledgments. We would like to express our gratitude to Richard Rimanyi for 
introducing us to the subject, and explaining this problem to us. We are greatly in- 
debted to Michele Vergne, whose ideas profoundly influenced this paper. In particular, 
most of §|3]is based on her suggestions. Finally, useful discussions with Laszlo Feher, 
Maxim Kazarian, Andras Nemethi, Felice Ronga and Andras Szucs are gratefully ac- 
knowledged. 

1 . Basic notions of singularity theory 

1.1. The setup. We start with a brief introduction to singularity theory. We suggest 
ll34l .lfTll. ll47l as references for the subject. 

Let (ei,...,e n ) be the basis of C", and denote the corresponding coordinates by 
(xi,...,x n ). Introduce the notation J(ri) = {h e C[[xi, . . . , *„]]; h(0) = 0} for the 
algebra of power series without a constant term, and let J din) be the space of J-jets of 
holomorphic functions on C" near the origin, i.e. the quotient of J(n) by the ideal of 
those power series whose lowest order term is of degree at least d + 1 . As a linear space, 
J'din) may be identified with polynomials on C" of degree at most d without a constant 
term. 

In this paper, we will call an algebra nilpotent if it is finite-dimensional, and there ex- 
ists a positive integer N such that the product of any N elements of the algebra vanishes. 
The algebra J'din), in particular, is nilpotent, since Jdin) d+l = 0. 

Our basic object is Jdin,k), the space of J-jets of holomorphic maps (C",0) — > 
(C*,0). This is a finite-dimensional complex vector space, which one can identify 
J din) ® C k ; hence dim J d in,k) = k(" + /\ - k. We will call the elements of J d ik,n) 
map-jets of order d, or simply map-jets. In this paper we will always assume n < k. 

One can compose map-jets via substitution and elimination of terms of degree greater 
than d; this leads to the composition maps 

(1.1) J d in,k)xJ d im,n)^Jdim,k), (T 2 , Yi) h> ¥ 2 oTi. 

When d = 1, J\im,n) may be identified with n-by-m matrices, and (11.11) reduces to 
multiplication of matrices. By taking the linear parts of jets, we obtain a map 

Lin : J d (n,k) -> Hom(C\ C*), 

which is compatible with the compositions (|l.ll) and matrix multiplication. 
Consider now the set 



DifL/(n) = {A e Jdin,n); Lin(A) invertible}. 
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The composition map endows this set with the structure of an algebraic group, 
which has a faithful representation on Jdin). Using the compositions (11.11) again, we 
obtain the so-called left-right action of the group Diff ,/(/:) x Diff rf (n) on Jd(k, n): 

[(A L ,A R ),¥] h> A^vFoA* 1 

Note that the action of Diffrf(n) is linear, while the action of Diffd(fc) is not. Singularity 
theory, in the sense that we are considering here, studies the left-right-invariant algebraic 
subsets of Jd(n, k). 

A natural way to form such subsets is as follows. Observe that to each element *P = 
(Pi, . . . , Pu) s Jdi n , k), where P t e Jdin) for i = 1, . . . , k, we can associate the quotient 
algebra Ay = J'd(n)II(P\, . . . , Pt)'- the algebra Jdin) modulo the ideal generated by the 
elements of the sequence. Since Jdin) d+l = 0, we also have A^ +1 =0. We will call Ay 
the nilpotent algebra^ of the map-jet W. For ¥ = this nilpotent algebra is J'din), while 
for a generic *F (in fact, as soon as rankfLin^)] = n) we have Ay = 0. 

Now let A be a nilpotent algebra, as defined above. Consider the subset 

(1.2) QT k = i(Pu ...,P k )e J d (n, k); J d (n)/I{P u . . . , P n ) = A] 

of the map-jets of order d. Again, the dependence on the parameters d, n and k will be 
usually omitted. 

It is easy to show that ® A is Diff^(^) x Diff rf (n)-invariant. A key observation is that 
although two map-jets with the same nilpotent algebra may be in different DifLj(fc) x 
Diff ( /(n)-orbits, there is a group acting on J'din, k) whose orbits are exactly the sets 
&£* k for various nilpotent algebras A. This group is defined as the semidirect product 

(1.3) Kd(n, k) = GL fc (C © J d (n)) * Diff d (ra), 

using the natural action of Diff d (n) on J din)', the algebra C®Jd(n) is the augmentation 
°f J din) by constants. The vector space J din) is naturally a module over C© J din), and 
hence 7C/(rc, k) acts on J din, k) via 

(1.4) [(M, A), Y] h-> (M • *F) o A -1 , 
where "•" stands for matrix multiplication. 

Proposition 1.1 ( Q3l . 04l .imi). Two map-jets in Jdik, n) have the same nilpotent alge- 
bra if and only if they are in the same < K d -orbit. 

Remark 1.2. Two jets in the same 7C/-orbit are called contact equivalent, or ^-equivalent 
(cf. 0). The term V-equivalence is also used (e.g. OTIl ). The varieties @a are called 
contact singularity classes or simply contact singularities. 

Using the fact that is connected, it is not difficult to derive the following properties 

of e A . 

Proposition 1.3 ([1]). Let A be a nilpotent algebra such that A d+1 = Oandn > dim(A/A 2 ). 
Then for k sufficiently large, &^~* k is a nonempty, Diff £ /(fc) X Diff d in)-invariant, irre- 
ducible quasiprojective algebraic variety of codimension (k- n + 1) dim(A) in J din, k). 



Instead of this algebra, it is customary to use the so-called local algebra of W, which is simply the 
augmentation of Ay by the constants. 
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Note that the codimension of @ A depends only on the difference k - n and does not 
depend on d. 

In the present paper, we will study certain rough topological invariants of contact 
singularities; these invariants depend only on the closure of the singularity locus in 
J'din, k). As it turns out, in an asymptotic sense, the closures of contact orbits are also 
closures of left-right orbits, hence, from our point of view, these two types of singularity 
classes are closely related. 

While we will not need this statement, we describe it in some details for reference. 
Roughly, we claim that for fixed A and r, and sufficiently large n, there is a dense left- 
right orbit in 0™ r . 

Let r be a nonnegative integer. An unfolding of a map-jet *P e J'din, k) is a map-jet 
*F e J~d(k + r, n + r) of the form 

(xu.-.,x n ,y u ...,yr) (F(xi, . . . , x n ,yi, . . . ,y r ),y u ■ ■ ■ ,y r ) 

where F e J~d{n + r, k) satisfies 

F(x\ . . . , x n , 0, . . . , 0) = YOi, . . . , x n ). 

The trivial unfolding is the map-jet 

(xi,...,x n ,yi,...,y r ) -> Q¥(xi,...,x n ),yi,...,y r ). 

Definition 1.4 (HLO). A map-jet *F e Jd(n,k) is stafr/e if all unfoldings of ¥ are 
left-right equivalent to the trivial unfolding. 

Informally, a germ of a holomorphic map / : Af — > K of complex manifolds at a point 
x e N is stable if for any small deformation / of /, there is a point in the vicinity of x at 
which the germ of / is left-right equivalent to the germ of / at x. 

Now we can formulate the relationship between contact and left-right orbits precisely. 

Proposition 1.5 (IU,[l34l). (1) If ¥ is an unfolding o/ v P, then = Ay. 

(2) Every map germ has a stable unfolding. 

(3) If a map germ is stable, then its left-right orbit is dense in its contact orbit. 

1 .2. Morin singularities. In this paper, we will focus on nilpotent algebras A generated 
by a single element. Such algebras form a one-parameter family: 

A d = tC[t]/t d+1 , J =1,2,... 

The corresponding singularity classes are called the A d -singularities or Morin singular- 
ities [fTTl. ll35l . We introduce the simplified notation 

(1.5) instead of &£ k 

for these varieties, and we will omit the parameters n and k when this causes no confu- 
sion. 

Let us specialize the results quoted in the previous paragraph to the case of the A d 
algebras. We have 

• (Ad) d+l = 0, hence we can work in J'din, k). 

• The variety Q" cl ^ k is nonempty for any n < k. For n = k = 1, we simply have 

1] = {0}, the constant zero germ in J'dO-, 1). This germ is not stable. 
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• There are stable map-jets in J din, k) with nilpotent algebra A d , whenever n > d. 
An example in JNid, d) for N > d with minimal source dimension n = d is 

(1.6) (X\ Xd) H-» + XyX d d 1 + JC2^ 2 + . . . + Xj, . . . , 

Finally, we recall that the A^-singularities fit into the wider family of so-called Thom- 
Boardman singularity classes. (L6],[1J). A Thom-Boardman class is specified by a 
nonincreasing sequence of positive integers i\ > . . . > id', the class corresponding to 
the special values i\ = . . . = i d = 1 contains exactly those maps with nilpotent algebra 
isomorphic to A d . 

As the description of rf as a Thom-Boardman class is rather different from (11.21) . we 
provide it for reference. Observe that 

• eliminating the terms of degree d results in an algebra homomorphism n d ^ d -\I : 
J din) -> J d -\{n), and 

• partial differentiation / h-> df/dxj is a well-defined map J'din) — > Jd-\in) for 
j = l,...,n. 

Now, given a proper ideal / in the algebra J'din), denote by 81 the ideal in Jd-\in) 
generated by nd^>d-il together with the determinants of the n-by-n matrices of the form 

det||^J eJd-dn), 

with arbitrary Q\,...,Q„ e /. 

Proposition 1.6. Denoting by I{P\ , . . . , Pu) the ideal in J din) generated by the elements 
Pi, . . . ,Pk, we have 

(1.7) er k = HPi,...,P k ) e Jdin,k); codim^" 1 /^, . . . , P k ) c J x (n)) = 1}. 

2. Equivariant Poincare duals and Thom polynomials 

The goal of this paper is to compute certain topological invariants of the subvarieties 
0""~** introduced in the previous section. In this section, we define and describe these 
invariants in detail. 

Let T be a complexified torus: T = (C*) r . The equivariant Poincare dual is an 
invariant Z h-> eP[£] associated to algebraic or analytic T-invariant subvarieties of T- 
modules; this invariant takes values in homogeneous polynomials on the Lie algebra 
Lie(r) of T. The central objects of the present work, Thom polynomials, are special 
cases of equivariant Poincare duals (cf. [44J,[27||). We review the definitions and prop- 
erties of equivariant Poincare duals in some detail here in order to prepare ourselves for 
the localization formulas of the next section. 

The equivariant Poincare dual has appeared in the literature in several guises: as 
Joseph polynomial, equivariant multiplicity, multidegree, etc. One of the first definitions 
was given by Joseph [26J, who introduced it as the polynomial governing the asymptotic 
behavior of the character of the algebra of functions on the subvariety. Rossmann in H51 
defined this invariant for analytic subvarieties via an integral-limit representation, and 
then used it to write down a very general localization formula for equivariant integrals. 
This formula will play an important role in our computations. 
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We begin with an explicit formula in I2.1[ then turn to an axiomatic definition of the 
invariant in 92.21 Following the algebraic treatment of 071 . This will provide us with 
some useful computational tools. After considering an example in 92.31 and recording 
a few technical statements in 92.41 we turn to the analytic picture. We first give an 
overview of Rossmann's localization formula, then we describe Vergne's integral repre- 
sentation, which places the equivariant Poincare dual in the proper context of equivariant 
cohomology. Finally, in 92.6l we define Thorn polynomials as equivariant Poincare dual 
s, and we justify this definition; this allows us to formulate our problem precisely. In the 
final paragraph, we collect what is known about the general structure of Thorn polyno- 
mials of contact singularities. 

2.1. Equivariant Poincare duals, Multidegrees. Denote the weight lattice of T = 
(C*Y by L; this is the lattice in Lie(T)* = C generated by the standard weights (the co- 
ordinate vectors) A\, . . . , A r . Let W be an Af-dimensional complex vector space endowed 
with an action of T. This action is diagonalizable, hence one can choose coordinates 
yx, . . . ,y N on W in such a way that the action in the dual basis is diagonal; denote the 
respective weights by 771, ... , r/ N . 

Note that we will no? restrict ourselves to the so-called convergent case (cf. ll4"5ll3~7Tl ). 
i.e. we will not assume that the weights rji,...,n N all lie in an open half-space of 
L® Z R c Lie(T)*; hence the L-graded pieces of the ring S = C\yi , . . . , y N ] of polynomial 
functions on W might be infinite-dimensional. 

Let 2 be a closed T-invariant algebraic subvariety of W, and denote by 1(2,) c S the 
ideal of polynomials vanishing on 2. This ideal is reduced, i.e. has the property that 
/" € 7(2) => / G 7(2). Our plan is to define an extended invariant: 7 i-» mdeg[7, 5], 
called the multidegree of 7, where 7 is an arbitrary T-invariant ideal in S = C[yi , . . . , y N ] . 
Then we can simply define the equivariant Poincare of a variety as the the multidegree 
of the corresponding ideal (cf. Definition 12.11 below) . Now we sketch an explicit and an 
axiomatic definition of the multidegree. 

For the construction, let D be the codimension of the variety defined by the ideal 
7 c S , and consider a finite, T-graded resolution of S /I by free S -modules: 

®l^S Wi [M] -> > Q^Swilm] -> > ©^Sw/El] ^5^5/7^0; 

where w/[m] is a free generator of degree n, [m] e L for i = 1, . . . j[m], m = 1, . . . ,M. 
Then 

, M j[m\ 

(2.1) mdeg[7,S] = — £ J^i-lf^mM . 

m= 1 i= 1 

Definition 2.1. Let 2 c W be T-invariant closed subvariety as in 92.11 Then we define 
the T -equivariant Poincare dual oj "2 in W by 

eP[2, W] T = mdeg[7(2), C\y u . . . ,y N ]]. 

We will usually omit the lower index T when this does not cause confusion. Note that 
the multidegree, and hence the equivariant Poincare dual, is manifestly a homogeneous 
polynomial of degree D. 

While (|2.1I) is explicit, its meaning is not transparent, and we note that, usually, it is 
rather difficult to write down free resolutions of ideals. Hence we turn to an axiomatic 
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description, which is more intuitive, and provides us with a more algorithmic under- 
standing of the invariant as well. 

2.2. Axiomatic definition. We follow the treatment of OTll to give the axiomatic def- 
inition: we describe 3 characterizing properties of the multidegree, and then we prove 
that these properties indeed determine the polynomial. 

The monomials y a = Ylf=t yf s 5 = C[yi, . . . ,y N ] are parametrized by the integer 
vectors a = (at, . . . ,«/v) e Z+. A monomial order < on S is a total order of the mono- 
mials in S such that for any three monomials mt,m.2,n satisfying m\ > m 2 , we have 
nm\ > nm2 > m-i (see lfT3l §15.2] ). 

An ordering of the coordinates yi, . . .,y N induces the so-called lexicographic mono- 
mial order of the monomials, that is, y a > y b if and only if a, > b { for the first index i 
with a, £ b{. We will use this lexicographic monomial order throughout this paper. 

Now let / c S be a T-invariant ideal. Define the initial ideal in<(7) c S to be the 
ideal generated by the monomials {in<(p) : p e I}, where in<(p) is the largest monomial 
of p w.r.t <. There is a flat deformation of / into in<(7) ( |[T3l . Theorem 15.17.), and the 
first axiom says that mdeg[7] does not change under this deformation: 

1. Deformation invariance: mdeg[7, S] = mdeg[in<(/),5]. 

To describe the second axiom, we define the multiplicity of a maximal-dimensional 
component of a non-reduced variety. Let / c S be an ideal, and denote 1,(1) the variety 
of common zeros of the polynomials in /: 

S(/) = [p e W; f(p) = OV/e /}. 

Denote by Si , Z 2 , . . . , 1 m the maximal-dimensional irreducible components of S(7). Then 
each S, corresponds to a prime ideal p, c S, and one can define a positive integer 
mult(p,, /), the multiplicity of S, with respect to /, as the length of the largest finite- 
length 5 Pi -submodule in (S/I) Pj , where S Pj (resp. (S/I) Pj ) is the localization of S (resp. 
S /I) at Pi (see section II. 3. 3 in lfT2l ). Then we have 

2. Additivity: 

m 

(2.2) mdeg[7, S ] = mult(p„ /) • mdeg[p ; , S ]. 

i=\ 

The last axiom describes the multidegree for the case of coordinate subspaces: 

3. Normalization: for every subset i c {1, . . . , N} we have 

(2.3) mdeg [(y,-, i e i> , S] = Y\ Vu 

/ei 

where (•) stands for the ideal generated by the polynomials listed in the angle brackets. 

A special case of the normalization axiom is the case S = {0}. We will often use the 
notation Euler r (W) for eP[{0}, W], since, indeed, this is the equivariant Euler class of W 
thought of as a T-vector bundle over a point. We have thus 



(2.4) 



N 

eP[{0}, W] T = Euler r (W) = j"^,-. 

i=l 
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Remark 2.2. Using this notation, the normalization axiom may be recast in a geometric 
form as follows: given a surjective equivariant linear map y : W — > E from W to another 
T -module E, we have 

(2.5) eP[y _1 (0), W] = Euler r (£). 

Consider the following three examples: 

(1) Set N = 4, and consider the ideal / = (y\,y\,yi) in S = C\yi,y 2 ,ys,y4]. This is 
the line {y { = y 2 = y 3 = 0} with multiplicity 6, so its multidegree is 

mdeg[/,5] = 6t] x t] 2 t] 3 . 

(2) The ideal I = (y^y^) in 5 = C[yi,y 2 ,y 3 ] corresponds to the union of the hy- 
perplanes yi = 0,y 2 = 0,y 3 = with multiplicities 2, 3, 1, respectively. By the 
normalization and additivity properties 

mdeg[/,5] = 2^ + 3r] 2 + r] 3 

(3) The ideal / = <yij 2 , J2j3, Ji73> = (yuyi) n <y 2 , J3> n (yi,y 3 ) in 5 = C[y u y 2 ,y 3 ] 
has three components with multiplicity 1 , corresponding to the given decompo- 
sition, so 

mdeg[/,5] =mm + mm + mm 

Following ll37l §8.5, now we sketch an algorithm for computing mdeg[/,S], proving 
that the axioms determine this invariant. 

An ideal M c S generated by a set of monomials in yi, . . . ,y^ is called a mono- 
mial ideal. Since in<(7) is such an ideal, by the deformation invariance it is enough 
to compute mdeg[M] for monomial ideals M. If the codimension of E(M) in W is s, 
then the maximal dimensional components of £(M) are codimension- s coordinate sub- 
spaces of W. Such subspaces are indexed by subsets i e {1, . . . , iV) of cardinality s; the 
corresponding associated primes p[i] = (y t : i e i). 

It is not difficult to check that 

(2.6) mult(p[i], M) = {a e Z™; y a+b g M for all b e Z? }| , 

where = {a e Z^; a,- = for i $ i}, i = {1, . . . ,N] \ i, and | • |, as usual, stands for the 
number of elements of a finite set. 

Then by the normalization and additivity axiom we have 

(2.7) mdeg[M,5] = ^mult(p[i],M) Y\m- 

\i\=s iei 

2.3. An example. A simple way to construct T-invariant sub varieties of W is to take 
the orbit closures of points in W. 

Consider the following example: let W = C 4 endowed with a T = (C*) 3 -action, whose 
weights rji,7] 2 , ?]3 and 774 span Lie(T)*, and satisfy 771 + 773 = rj 2 + 774. In other words, the 
four weights, 77,, i = 1 , . . . , 4, form the vertices of a parallelogram in Lie(T)* lying in a 
hyperplane which does not pass through the origin. Choose p = (1,1,1,1) e W; then 
the closure of the T-orbit of p is given by a single equation: 

(2.8) T p = {(yi,j2,y3,j4) e C 4 ; y { y 3 = y 2 y 4 }. 

We will compute the equivariant Poincare dual of this subvariety in a number of ways. 
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Method 1: Deformation of the variety. We use the axioms listed in 32.21 
7(2) = (viv 3 -y 2 v 4 ) c S = C\y u y 2 , y 3 , y 4 ] 

has initial ideal 

in<(7(2)) = ( ym ) 

with respect to the lexicographic monomial order corresponding to the order yi > y 2 > 
y3 > y 4 on the variables (see [Q~3] §15.2). Note that in<(7(£)) defines the union of two 
hyperplanes: {yi = 0} and {y 3 = 0} with multiplicity 1. Then, using the additivity and 
the normalization axioms, we arrive at the result that the equivariant Poincare dual is 
eP[£] = 771 + t] 3 = t] 2 + t]4, hence 

(2.9) eP[2V] = 771+^3- 

2.4. Some technical statements. In the previous paragraphs we sketched the construc- 
tion and properties of the equivariant Poincare dual. Here we will discuss a few simple 
consequences of these properties. 

We retain the notation of 32.11 W is a T-module endowed with coordinates y 1 , . . . , yjv, 
which are of weight 771, ... , r/ N , respectively. The following technical lemma will be 
crucial in our computations. 

Lemma 2.3. Let I c C[yi, . . . ,y#] be a T -invariant ideal, and assume that for some j, 
1 < j < N, there is an element R e I which expresses the variable y 7 as a polynomial of 
the remaining variables: 

(2.10) R: yj = f(y u ...,y M ,y j+u ...,y N ). 
Then mdeg[7, C[yi, . . . ,y;v]] is divisible by rjj. More precisely, 

(2.11) mdeg[7, C[y 1 , . . . , y N ]] = rjj ■ mdeg[7 ; -, C\y t , . . . , y y -_i, y j+u . . . , y N ]] 

where Ij the ideal in C[yi, . . . ,y ; _i,y ;+ i, . . . ,y#] obtained from I by performing the sub- 
stitution (12.101) . 

Proof. Let < be the lexicographic monomial order on S induced by the ordering of the 
coordinates in the following way: yy > yi > • • • > yy-i > yy+i >...>)>#■ Then yj is the 
initial monomial of R, therefore it is a generator of in<(7). As we saw before, the prime 
monomial ideals p[i] of in<(7) are indexed by subsets i c { 1, . . . , N}, and 

(2.12) yj e in<(7) => j e i, 

by (12.61) . As a result, each nonvanishing term of the sum in (|2.7I) will contain the factor 
7]j. The second statement follows from the fact that 

in<(7 ; ) = in<(7) n C[yi, . . . ,y hU y j+u ...,y N l 

□ 

Remark 2.4. The geometric version of Lemma [231 corresponding to the case when 7 
is reduced, reads as follows. Let Sc W be a closed T-invariant subvariety, and assume 
that the conditions of Lemma l2.3l hold for 7(2). Let n } ■ : W —* Wj denote the projection 

onto the hyperplane Wj = |y 7 = O}. Then tt ; (E) is a closed subvariety in Wj and 

eP[Z, W] = rjj ■ eP[7r ; (S), Wj] 
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Again, note that in this case the polynomial eP[£, W] is divisible by rjj. 

2.5. Integration and equivariant multiplicities. In [45J, Rossmann made the impor- 
tant observation that the notion of equivariant Poincare dual may be extended to the 
case of analytic T-invariant varieties defined in a neighborhood of the origin in T- 
representations, and further, to nonlinear actions, as we explain below. 

Let Z be a complex manifold with a holomorphic T-action, and let M c Z be a T- 
invariant analytic subvariety with an isolated fixed point p e M T . Then one can find 
local analytic coordinates near p, in which the action is linear and diagonal. Using these 
coordinates, one can identify a neighborhood of the origin in T P Z with a neighborhood 
of p in Z. We denote by T P M the part of T P Z which corresponds to M under this 
identification; informally, we will call T P M the T-invariant tangent cone of M at p. 
This tangent cone is not quite canonical: it depends on the choice of coordinates; the 
equivariant Poincare dual of S = T p M in W = T p Z, however, does not. Rossmann 
named this equivariant Poincare dual the equivariant multiplicity of M in Z at p: 



Remark 2.5. In the algebraic framework one might need to pass to the tangent scheme 
ofMatp (cf. IfTTTO . This is canonically defined, but we will not use this notion. 

An important application of the equivariant multiplicity is Rossmann's localization 
formula [|45l . The reader will find the necessary background material about equivariant 
differential forms and equivariant integration in |[22l l4l. For technical reasons, we need 
to pass to the compact versions of our reductive groups. We will use the notation G c for 
the compact form of the complex reductive group G; for example T will be a product 
of copies of the circle group U{\). The introduction of these groups into our framework 
means an implicit choice of an Hermitian metric. 

Let p : Lie(r o ) — » CT(Z) be a holomorphic equivariant map with values in smooth 
differential forms on Z. Then Rossmann's localization formula states that 



where p [ '(p) is the differential-form-degree-zero component of p evaluated at p. Recall 
that Euler r (T p Z) stands for the product of the weights of the T-action on T P Z. 

This formula generalizes the equivariant integration formula of Berline and Vergne 
0, which applies when M is smooth. In this case the tangent cone of M at p is a well- 
defined linear subspace T p M c T p Z, and emult p [M] is the equivariant Poincare dual of 
this subspace. Then the fraction in (12.141) simplifies: the ambient space Z is eliminated 
from the picture, and one arrives at (cf. 0) 



Rossmann proves (12.141) by first expressing the equivariant multiplicity in terms of an 
integral-limit, and then applying an adaptation of Stokes theorem, following the method 



(2.13) 



emultp[Af,Z] = eP[f p M,T p Z]. 



(2.14) 




(2.15) 




ofBottQ. 
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As showed by Vergne Il48ll . such a local integration formula for equivariant Poincare 
duals may be given in the framework of equivariant cohomology. To describe this for- 
mula, we return to our setup of a T-invariant subvariety S in a complex vector space W of 
dimension N. The starting point is the Thorn isomorphism in equivariant cohomology: 

(2.16) H" To Cpt (W) = H* Ta {W) ■ Thom ro (W), 

which presents compactly supported equivariant cohomology as a module over usual 
equivariant cohomology. The class Thom ro (V7) e H^. N cpt (W) may be represented by an 
explicit equivariant differential form with compact support (cf. [f32l ITT | | ^ . Then Vergne 's 
integration formula (cf. [48]) reads as follows: 

(2.17) eP[Z] = J Thom To (W). 

Compared to Rossmann's formula (12.141) . this result turns things upside down, and 
describes eP[2] as an integral in equivariant cohomology. As we explain in the next 
section, this allows us to localize the equivariant Poincare dual near fixed points of torus 
actions. 

We complete this review by noting that a consequence of (|2.17l) is the following 
formula. For an equivariantly closed differential form /i with compact support, we have 

ffi=f eP[2]-//. 

This formula serves as the motivation for the term equivariant Poincare dual. 

2.6. Thorn polynomials and equivariant Poincare duals. Let us apply our new-found 
invariant to the setup of global singularity theory described in CD Recall that, for inte- 
gers d and n < k, we have an irreducible variety 0j c J'din, k), which is invariant under 
the natural action of the group Diffj(fc) x Diff ,/(«). 

Now observe that the quotient map Lin : DifL/(n) — > Diffi(n) = GL„ has a canonical 
section, consisting of linear substitutions. In other words, we have a canonical group 
embedding 

GL„ DifLj(n), 

and we can restrict the action of the diffeomorphism groups DifLj(fc) x Diff^(n) on 
STd(n,k) to the canonical subgroup GLt x GL„. Denoting the subgroups of diagonal 
matrices of Gh k and GL„ by T k and T n , their basic weights by 6 = (6\, . . . , 6%) and 
A = (A\, . . . , A n ), respectively, we can introduce the central object of our paper. 

Definition 2.6. Let A be a nilpotent algebra. The Thorn polynomial of the A-singularity 
from n-to-k dimension is 

(2.18) T P r*(A,0) = f eP[Q A ,J d (n,k)] Tk xT„. 

According to Proposition 1 1.31 this is a homogeneous polynomial of degree (k — n + 
1) dimA in the variables 9\, . . . , Ok, A\, . . . , A„. Note that in case the torus action extends 
to the action of the general linear group, the symmetric group S n , thought of as the Weyl 
group, naturally acts on the weights of T by permuting the As. Thus we can conclude 
the following. 
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Lemma 2.7. Let T = (C*) n be the subgroup of diagonal matrices of the complex group 
GL„, and denote by A\,...,A n its basic weights. IfLisa GL n -invariant subvariety 
of the GL n -module W, then the equivariant Poincare dual eP[Z, W] T is a symmetric 
polynomial in A\, . . . , A n . 

Clearly, this Lemma applies to our situation, hence we have 

Corollary 2.8. The Thorn polynomials Tp^*(A, 9) are symmetric in 6i,...,8 k and in 
Ai,...,A n . 

Starting with the next section we will focus on the computation of the polynomial 
Tp^*(A, 9) for the case A = C[t]/f d+l . In the remainder of this paragraph, however, 
we would like to argue that this polynomial is a reasonable candidate for the universal 
class satisfying Thorn's principle quoted in §0 This is standard for the experts (cf. 
p4ll27l[T6ll4T| \ but good references are hard to come by. In any case, we would like 
to stress that this material is not necessary for understanding the rest of the paper. The 
reader comfortable with Definition 12.61 may safely skip to §12.71 

When comparing Thorn's principle from §|0]to Definition 12.61 we come up against 
several difficulties. First: how to relate equivariant Poincare duals such as in (12.181) to the 
usual Poincare class of corresponding cycles on Nl Next, how can the replacement of 
the symmetry group Diff d (k) x Diff d (k) by GL^ x GL„ in (12.181) be justified? And finally, 
in the holomorphic category one cannot always deform a function into a transversal 
position. What is the meaning of this polynomial in this case? We address the first 
question in Proposition 12.101 and the second in Proposition 12. 1 1[ For more details we 
direct the reader to the references listed above. 

Now fix the notation G = GL„ and G Q = U n for its maximal compact subgroup. 
Let F be a principal G -bundle over a compact oriented manifold M. Then, using the 
Chern-Weil map, any symmetric polynomial P e C[A±, . . . , A,,] s " defines a characteristic 
class P(F) e H*(M,C). Now let £ be G-invariant subvariety of the G-module W, and, 
denote by Wf the associated vector bundle F x Go W over M, and by S f the subset of Wp 
corresponding to S. 

Fx Go W = W F * = E F = F x Go I 

(2.19) s 

M 

Then by Poincare duality on the manifold Wf, there is a cohomology class 
a z e H 2codim(Z \W F ) such that 

f as>p= f f3 

Jw F Ji. f 

for any compactly supported cohomology class on Wf- Thus the answer to our first 
question maybe written as follows: 

(2.20) a x = eP[Z, W](F) in H*(W F ), 

i.e. the Chern-Weil image of the equivariant Poincare dual is the ordinary Poincare dual 
of the induced variety. 
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We will prove this statement in a geometric form which is more convenient for our 
purposes. In this setup eP[E, W](F) will appear as the Poincare dual of in M for 

an appropriate section s : M — > l. F . To make this more precise, we make the following 

Definition 2.9. Consider the diagram (12.191) . and assume for simplicity that E is equidi- 
mensional. We say that a smooth section s : M —> W F is transversal to 2, F at some 
point p e M if s(p) is a smooth point of 2 f and the intersection ds(T p M) n T^E/? of 
vector spaces in T S ^W F has the smallest possible dimension. We say that s : M —> W F 
is generically transversal to E f if the we have 



{p e M; s is transversal to S f at p\ = s~ l (L F ). 

Armed with this technical notion, we reformulate (12.201) as follows. 

Proposition 2.10. For a smooth section s : M — » generically transversal to ~L F , 
the cycle c M w Poincare dual to the characteristic class eP[T,](F) ofF corre- 

sponding to the symmetric polynomial eP[2, W]. 

Proof. Considering (12.171) as the definition of the equivariant Poincare dual, this state- 
ment becomes almost tautological. Indeed, recall Cartan's correspondence, which as- 
sociates to an equivariantly closed differential form p on a G-manifold X an ordinary 
closed differential form CW(/i) on the manifold X F = F x G X. There is a simple con- 
struction of this correspondence, which uses the Weyl algebra model for equivariant 
cohomology; the only necessary input is a connection on F [|4||. In particular, when 
X = pt, then CW reduces to the usual Chern-Weil correspondence. As CW clearly 
commutes with integration and restriction, considering forms with compact support, we 
obtain the following commutative diagram: 

CW 

tf^cptW — > K pt (W) 



(2-2D £ 



CW 

H* G (pt) ► H*(M) 

The symbol f here stands for integrating onXclV, while 7zf is the push-forward along 
the fibers of the bundle E f — > M. 

Now, starting with Thom Go (V7) e H^ cpt (W) defined by (|2.16l) in the upper left corner 
of the diagram, we arrive exactly at our statement. Indeed, according to (12.171) . we have 

Cw|J~ Thom Go (W)) = CW(eP[2]) = eP[S](F). 



On the other hand, the Cartan correspondence takes Thom Go (V7) to the Thorn class of 
the bundle W F — > M, which is also the Poincare dual of M thought of as the zero section 
in W F . Now, using the properties of the Poincare dual (cf. (8]|), it is a simple exercise to 
check that the push-forward is Poincare dual to s -1 (Tf) c M for a section s : M — > W F , 
generically transversal to 2/?. □ 
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Now let us look at the situation of singularity loci of holomorphic maps described in 
the introduction; this appears to be similar to the setup we have just considered. 

Indeed, for complex manifolds N and K of dimensions n and k, respectively, and a 
positive integer d, consider the principal Dif[ d (k) x Diff rf (/7)-bundle Diff d (K) x Dif[ d (N) 
over the product space N x K consisting of local coordinate changes up to order d. 
Denote by Sfd{N, K) the bundle over N x K associated to the representation J 'din, k) 
of the group Diff d (k) x Diff d (ri). Note that even though the space Sd(n, k) has a linear 
structure the action of the group Diff</(&) x DiS d (n) on it is not linear, and hence this 
bundle is not a vector bundle. Then any holomorphic map / : N — > K induces a section 
s f : N -* (1 X f)*3d(N, K) of the bundle pulled back from graph. 

Now, for a nilpotent algebra A satisfying A d+l = 0, consider the subvariety 



associated to the subvariety c J'din, k). 

Now we can state the main technical statement of this paragraph: 

Proposition 2.11. Let N,K,A and d be as above. Let f : N — > K be a smooth map 
and i : iV -> (1 X f)*^Td(N,K) be an arbitrary smooth section, generically transversal 
to (1 x f)*Jd(®A~* K }- Next > denote by Q A (M, . . . ,A n ,6 Y , . . . ,6 k ) the polynomial Tp^"** 
defined in (12.181) . Then the cohomology class Q A (TN, f*TK) e H*(N) is Poincare dual 
to the subvariety sf{{\ x f)*J d (®^ K )). 

Proof. One can repeat the above construction replacing the group Diff £ ;(^) x Diff d (rc) by 
its subgroup Gh k xGL„; then the subvariety (12.221) is replaced by a subvariety Jd(& A ~^ K ) 
of the tensor bundle Hom(©^ =1 Sym"TA^, TK). For this pair, the statement of Proposition 
is an immediate consequence of Proposition ^. 101 

Now the Proposition immediately follows from the structure group of the bundle 
,Jd(N,K) considered in the smooth category, reduces to GL k x GL„. This can be seen 
using that Diffrf(fc) x DiSd(n) is homotopy equivalent to Gh k x GL„ or, alternatively, by 
directly presenting the reduction using, for example, Hermitian metrics on TN and TK 



2.7. Thorn polynomials of contact singularities. One of the natural questions to ask 
is how the Thorn polynomials for fixed A and different pairs (n, k) are related. We collect 
the known facts 01 SO in Proposition 12.121 below. For simplicity, we will formulate 
the statements for the algebra A d = t£[t]/t d+1 we study, although essentially the same 
properties are satisfied by the Thorn polynomials of any other contact singularity (see 
QU for details). 

Denote the ring of bisymmetric polynomials in the As and 6s by C[A, 0] s " xSk , and 
recall from §2{T]that for 1 < d and 1 < n < k, Q d = ®d^ k ls a nonem pty subvariety of 
J7d(n, k) of codimension d(k - n + 1). Consider the infinite sequence of homogeneous 
polynomials c, 6 C[A, Q] s " xS i<, deg c ; = i, defined by the generating series 



(2.22) 



Jdi&T *K J d (N,K), 



(cf. B23 §2.2]). 



□ 



(2.23) 



RC(q) = 1 + c\q + c 2 q 2 + ■ • • = 



we will call c, the zth relative Chern class. 
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Proposition 2.12 ( lfT6lD . Let 1 < d and 1 < n < k. Then for each nonnegative integer 
j, there is a polynomial TT) d (bo, bi,b 2 ,...) in the indeterminates bo, b\,b 2 ,... with the 
following properties 

(1) TD^ z'^ homogeneous of degree d, and 

(2) if we set deg(/? ( ) = i, then TD } d is homogeneous of degree d(k - n + 1); 

(3) for all 1 < n < k, we have 

(2.24) Tpy k (A, 6) = TD*-"(1, c,{A, 6), c 2 (A, 6),... ), 

where the polynomials C{(A, 6), i = 1, . . ., are defined by A2.23\) : 

(4) the polynomial TD d 1 may be obtained from TD d via the following substitution: 

TD j ;\b , b u b 2 ,...) = TD^(0, b , b u b 2 ,... ), 

The notation TD stands for Thom-Damon polynomial. The 3rd property (12.241) is an 
older result of Damon and Ronga ([|9l |42j), while the 4th is a theorem of Feher and 
Rimanyi lfT6l . 

There is a somewhat confusing aspect of (12.241) . which we would like to clarify now. 
For fixed j and sufficiently large n and k, the polynomials Ci(A,0) e C[A, 6] s " xSk , i = 
1, , . . . , d(j + 1) are algebraically independent. This means that for fixed codimension j 
and large enough n, the Thorn polynomial Tp d ~" l+J (A, 6) determines TD^. However, for 
small values of n, the natural map 

C[c u c 2 ,...]^C[A,Gf" xSk 

is not surjective in degree d(k - n + 1), and in this case there are several expressions of 
the Thorn polynomial in terms of relative Chern classes. Only one of these expressions 
remains valid for all n. 

Example 2.13. For d = 4, n = l,k= 1, 

RC(q) = LtOl = \ + (Q-X)q- A{6 - A)q 2 + ..., 
1 + Aq 

thus we have 

c (M) = l, c 1 (6,A) = d-A, c 2 {6,A) = -A{6-A), 

c 3 (0, A) = A 2 {6 - A), c 4 (0, A) = -A 3 (9 -A)... 

We have (cf. [20, Theorem 2.2], also MM 

TD4 = c\ + 6c\c 2 + 2c\ + 9ciC3 + 6C4C0, 

and for n > 1, this is the only possible expression for the Thorn polynomial in terms of 
the relative chern classes. However, since for n = k = 1, 

Cl (M)c 3 (M) = c 2 (M) 2 , 

we can conclude that 

Tp l 4 ^ l (9, A) = c\ + 6c\c 2 + ac\ + (11 - a)cic 3 + 6c 4 co 
holds for any ael. 
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Next, following lfT6l . observe that property (4) allows us to define a universal ob- 
ject, the Thorn series Ts(a ( , i € Z), which is an infinite formal series in infinitely many 
variables with the following properties: 

• Ts(a,-, i 6 Z) is homogeneous of degree d; 

• setting deg(a,) = i for i e Z, the series Ts^a,-, i e Z) is homogeneous of degree 
0; 

• the Thorn-Damon polynomial maybe expressed via the following substitution: 



TD j ,(b ,b u b 2 ,...) = Ts a 



|«i = b i+k - n+l if i>-(k-n + 1), 
I a, : = otherwise. 



For example, in this language Porteous's formula is simply Tsi = a , while Ronga's 
formula takes the form Ts 2 = + £°! 2 I ~ 1 a I a_,-. This suggestive way of expressing 
Thorn polynomials, found by Feher and Pdmanyi, served as a starting point for our work. 
We obtained a rather satisfactory answer, which manifestly has the structure described 
above; the final result (17.261) even gives some insight into the geometric meaning of the 
coefficients of the Thorn series. 



3. Localizing Poincare duals 

In this section we develop the idea introduced at the end of §12.51 the localization of 
equivariant Poincare duals based on Vergne's integration formula. Roughly, we show 
that if the ^-invariant subvariety 2 c W is equivariantly fibered over a parameter space 
M, then the equivariant Poincare dual eP[2, W] may be read of from local data near 
fixed points of the T action on M. The final form of the statement is Proposition 13. 101 
We will start, however, with the more regular case of a smooth parameter space. 



3.1. Localization in the smooth case. Let S be a T-invariant closed subvariety of the 
T-module W. Consider the following diagram: 



(3.1) 




M T <= M Grim, W) 

Here 

• Gr (m, W) is the Grassmannian of m-planes in W, S is the tautological bundle 
over Gr(m, W), and r G r : S — > Gr (m, W) is the tautological projection; observe 
that the tautological evaluation map ev s : S — » W is proper. 
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• M is a smooth compact complex manifold, endowed with a T-action; as usual, 
the notation M T stands for the set {y e M; Ty = y] of fixed points of the Tr- 
action; assume that M T is a finite set of points. The embedding M T <— > M is 
denoted by i T . 

• cp '■ M — > Gr (m, W) be a T-equivariant map, and introduce the pull-back bundles 
Sm = <t>*S and S M T = l* t Sm\ we denoted by ev M the induced evaluation map 
S M -> W. 

• For clarity, we indexed our spaces and maps, but these indices will be omitted 
whenever this does not cause confusion. For example if p e M, then we will 
denote by S p the fiber of the bundle S M over the point p. 

Literally, to say that S is fibered over M would mean that the map ev M : S M — * W 
establishes a diffeomorphism of Sm with E. Since this essentially never happens, we 
weaken this condition as follows. 

Recall (see e.g. JH) that to a smooth proper map / : X — > Y between connected 
oriented manifolds of equal dimensions one can associate an integer deg(/) called the 
degree. This constant may be defined via the equality 



which holds for any compactly supported form p on Y. 

An alternative definition of deg(/) is the signed sum of the preimages of a regular 
value; the sign associated to a preimage depends on whether the map is orientation- 
preserving or reversing at the point. Since a holomorphic map is orientation-preserving 
everywhere, we have the following simple statement. 

Lemma 3.1. Let f be a proper holomorphic map between complex manifolds. Then f 
is of degree 1 if and only if there is dense open U c X such that f restricted to U is a 
biholomorphism onto a dense open subset of Y. 

The definition of a degree- 1 map may be extended to the following situation. 

Definition 3.2. Let / : X — > Y be a smooth, proper map between complex manifolds, 
and U c X and V c Y not necessarily smooth closed analytic subvarieties. We say that 
/ establishes a degree- 1 map between U and V if there are Zariski open subsets U° c U 
and V° c V, not containing singular points, such that f\ V o : U° — > V° is biholomorphic. 
Here Zariski open means that the complement is a closed analytic subvariety. 

Another convenient way to describe our notion is 

Proposition 3.3. Let f : X —* Y be a proper map of complex manifolds, U c X possibly 
singular closed analytic subvariety. Suppose that there is U° c U Zariski open subset, 
not containing singular points, such that f\ uo is injective. Then f establishes a degree-1 
map between U and f(U). 

Proof. Since / is proper, f(U) is a closed analytic subvariety of Y, (see ll23l . page 
34). Injectivity implies that dim(£/°) = dim(V°), and hence there is a possibly smaller 
Zariski open U' c U° such that /(£/') is in the smooth part of f(U). Since an injective 
holomorphic map between manifolds is biholomorphic, can conclude that / restricted 
to U' is a biholomorphism, and this completes the proof. □ 



(3.2) 
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Now, we would like to extend the property (13.21) for the singular degree- 1 case. A key 
fact is that integration of differential forms with compact support may be extended to 
not necessarily smooth analytic sub varieties of complex manifolds. 

Let p be a differential form with compact support on a complex manifold X, and let 
U c X be a closed analytic subvariety, whose set of smooth points we denote by U s , 
i \ U s c — > U. Then one defines 



Proposition 3.4. The integral on the right hand side of (|3.3I) is absolutely convergent, 
and vanishes if p is exact. 

The reason for this is that that in a local chart, with respect to the euclidean metric, 
the submanifold U s has finite volume in bounded regions (cf. Il23l §2, p. 32]). 
The following two corollaries will be important for us. 

Corollary 3.5. If the map f : X — > Y establishes a degree-1 map between U and V as 
in Definition \3.2\ then 



Corollary 3.6. Let M be a complex manifold, V be a complex vector bundle over M, 
and let S V be a locally trivial subbundle with fibers which are possibly singular 
analytic subvarieties of the corresponding linear fibers ofV. Denote by n : S — > M the 
projection. Then for any smooth compactly supported form p on V, the push-forward of 
the restriction: n*p is a smooth form on M, moreover, 



Now we are ready to formulate our first localization formula. 

Proposition 3.7. Assume that in diagram (|3.1I) the fixed point set M T is finite, and ev^ 
establishes a degree-1 map from Sm to 2. Then we have 



Remark 3.8. (1) The most natural situation is when M is a smooth submanifold of 
Gr (m, W). The more general setup we are considering in Proposition [XT] works, 
however, even when the image 4>{M) is singular. 

(2) Since the space ev M (S p ) is a linear T-invariant subspace of W for p 6 M T , the 
polynomial eP[ev M (S p )] is determined by the normalization axiom: it simply 
equals the product of those weights of W which are not weights of evjf (Sp) (with 
multiplicities taken into account). 

(3) The equivariant Euler class in the denominator is also a product of weights (cf. 
(|2.4I) ). hence each term in the sum is a rational function. After the summation, 
however, the denominators cancel, and one ends up with a polynomial result. 



(3.3) 





f*ii = I li for every compactly supported smooth form p on Y. 




(3.4) 
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Proof. Vergne's integral formula, (|2.17l) combined with our assumption that ev M : S M — > 
E is degree- 1, implies that 

eP[Z] = f ev^Thom(VK). 

<JSm 

Integrating first along the fibers, we obtain that 

eP[S] = f T„e%Thom(W0, 

where the integrand TH,ev^Thom(WO is a smooth equivariant form on M. Now we apply 
the Berline-Vergne equivariant integration formula (12.151) to this form, and obtain that 

_ ( r .ev;Tho m( < W 
^ Euler r (T,M) 

where, as usual, we denote by /i [0] the differential-form-degree-zero part of the equivari- 
ant form ji. Since ev M is a linear injective map on each fiber, the numerator of (13.51) is 
simply the integral f Thom(V7). Now, using Vergne's formula (12.171) once again, 
we arrive at (|3.4I) . □ 

In the remainder of this section we present examples of using this formula, and also 
give a few variants of this result. 

We first note that using remark [2T2l formula (13.41) may be rewritten as follows. Let 
E be an equivariant vector bundle over M, and let y p : W — > E p for p e M be an 
equivariant family of surjective linear maps. Assume, that this establishes a degree- 1 
map between the subbundle 

{( P ,w)gMxW; y p (w) = 0} 
and 2. Then according to Remark l2~l2l we have eP[ev M (S p ), W] = Euler 7 ^), which 



leads to the following variant of (13.41) : 
(3.6) eP[E] = J] 



Euler r (£„) 



w „,T 

peM T 



Euler' (T P M) 



As a quick application, we give yet another way of computing the equivariant Poincare 
dual for the example introduced in §12.31 

Method 2: localization on the projectivized cone. Consider the smooth, T-invariant 
projective variety PS c P 3 cut out by the homogeneous equation X1X3 = x 2 x 4 . In the 
notation of (|3~TT) . we have M = PS, m = 1 and W = C 4 . Then the fixed point set P2 r 
consists of the four fixed points on P 3 corresponding to the four coordinate axes. 

Pick one of these fixed points, say, p = (1 : : : 0), which corresponds to the 
coordinate line S p = {x 2 = X3 = x^ = 0}. Using the normalization axiom, we have then 

eP[5 /5 ] = T] 2 7]3?]4. 

Turning to the denominator in (13.41) . it is not hard to see that 

Euler r (T„PI) = (r] 2 - m )(r] 4 - m ). 

Indeed, this is the standard yoga of toric geometry: consider the parallelogram formed 
by the weights 771,7/2^3 and rj 4 ; the fixed points of the torus action correspond to the 
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vertices of this parallelogram, and the weights at a particular fixed point are the edge- 
vectors emanating from the associated vertex. 

The contributions at the other fixed points may be computed likewise, and the result 
is the following complicated formula for the equivariant Poincare dual: 

eP[E] = ™ + ™™ + 

(m - m)0i4 - m) (m - - m) 

(3 7) mmi* + 771 772/73 



(m - 773)074 - m) (m - - m) 

This rational function is not a polynomial, however, assuming rji + rj 3 = n 2 + rj 4 holds, it 
can be easily shown to reduce to the simple form (12.91) . 

We note that this procedure may be applied, inductively, to more general toric vari- 
eties, and, again, the data may be read off the corresponding polytope. However, if the 
polytope is not simple, then the prescription is more involved. 



3.2. An interlude: the case of d = 1. In this paragraph, we consider the case d = 1 of 
the A d - singularities introduced in §11.21 and recover the classical result of Porteous. 

We have ^i(n,k) = Hom(C",C*), and @! c J'i{n,k) consists of those linear maps 
C — > whose kernel is 1 -dimensional. These maps may be identified with k-by-n 
matrices, and the weight of the action on the entry ep is equal to 6j - A { . Then the 
closure 0] consist of those k-by-n matrices which have a nontrivial kernel: 

(3.8) ®i = {A e Hom(C*, C); 3v e C", v ± : Av = 0}. 

This description immediately suggests us an equivariant birational fibration of ©i 
over P" _1 , fitting the conditions of Proposition (377) the fiber over a point [v] e P" _1 is the 
linear subspace {A; Av = 0} c ©1; where [v] stands for the point in P"" 1 corresponding 
to the nonzero vector v e C". 

Again, we simply need to collect our fixed-point data, and then apply (13.41) . There 
are n fixed points, p\, . . . ,p n in P"" 1 , corresponding to the coordinate axes. The weights 
of TpP"" 1 are [A s - /I,; s ± i}. The fiber at p t is the set of matrices A with all entries 
in the ith column vanishing. Again, using the normalization axiom, this shows that the 
equivariant Poincare dual of the fiber at p { is riy=i(#/ _ so our localization formula 
looks as follows: 



(3.9) eP[®!] 



This is a finite sum for fixed n, but as n increases, the number of terms also increases. 
There is a way, however, to further "localize" this expression, and obtain a formula, 
which only depends on the local behavior of a certain function at a single point. 
Indeed, consider the following rational differential form on P 1 : 
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Observe that the residues of this form at finite poles: {z = A,; i = 1, . . . ,n] exactly 
recover the terms of the sum (13 .9b . Then, applying the Residue theorem, we obtain 

eP[0!]= Res J n dz. 
z=o ° lU=Mi-z) 

Finally, after the change of variables z —> -1/q, we end up with 

Prni p nU 1+ &j> dq 
eP[0i] = Res 



*=° n;ii(i+^) q k - n+2, 

which, according to (12.231) . is exactly the relative Chern class ct- n +i • Thus we recovered 
the well-known Giambelli-Thom -Porteous formula ((391; E31 Chapter 1.5). 



As a final remark, note that our basic example introduced in §12.3l is a special case of 
0i, corresponding to the values n = k = 2. Hence this computation provides us with 
a 3rd method of arriving at (12.91) . This computation uses localization, similarly to the 
2nd method, but the two constructions are different. 

(3.10) eP[2] = ^^+ 773 774 



m -m rj2- m 

Using ?7i + ?7 3 = 7] 2 + i]4, we arrive to the formula (I2.9I ). 

3.3. Variations of the localization formula. We will need to amend and generalize 
Proposition 13 .71 in two ways in order to be able deal with & d for d > 1: we will drop the 
assumption on that the fibers are linear, and we will also allow M to be singular. 

3.3.1. Nonlinear fibers. Next, observe that, during the proof of Lemma [3771 we never 
used the assumption that the fibers are linear spaces. In fact, using Corollary 13 .61 the 
same formula and the same argument holds if the fibers of S are possibly singular ana- 
lytic subvarieties. 

Proposition 3.9. Let Hbe a closed subvariety of the complex vector space W. Assume 
that M is a smooth compact complex manifold, V is a complex vector bundle over M, 
and let S V be a locally trivial subbundle with fibers which are possibly singular 
analytic subvarieties of the corresponding linear fibers ofV. Suppose that we have a 
proper map: evy : V — > W, which establishes a degree- 1 map from S to X. Then 

^ eP[ev y (S p ), W] 

(3.11) eP[2,W]= V T p . 

^ Euler (T p M) 



We will use this variant of the localization in l6.ll for the localization on a flag variety. 

3.3.2. Fibrations over a singular base. Finally, we remove the assumption that M is 
smooth. For brevity, below, without explicitly stating this, we will assume that every 
space and map is in the T-equivariant category. We will apply the following proposition 
for the localization on O in !6.3[ 



Proposition 3.10. (1) Let Y*be a closed subvariety of the complex vector space W. 
Assume that Z is a compact, smooth complex manifold, and M <zZis a possibly 
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singular, closed subvariety with a finite set of fixed points M T . Consider the 
following analog of diagram \3.1\ 

W< = E 



(3.12) 




Gr(m, W) 

Assume that ev z establishes a degree-1 map between t^(M) and Z. 



Then 



(3.13) 



eP[S] 



peM T 



eP[ev z (S p )]emult p [M,Z] 



Euler' (TpZ) 

(2) Assume that there is a T-equivariant vector bundle E over M, and an equivariant 
family of surjective linear maps y p : W — > E p for p e M, such that the set 

{( P ,w)eMxW; y p (w) = 0} 

is a subbundle of the trivial bundle M x W, and it maps to Z in a birational 
fashion. Then 



eP[Z] 



I 

peM T 



Euler r (£ p ) emult p [Af, Z] 
Euler r (T p Z) 



Proof. The second part is the combination of the first part and (|3.6I) . The proof of the 
first part is analogous to that of Proposition 13.71 when passing to (13.51) . however, one 
needs to use Rossmann's integration formula (12.141) . □ 

4. The test curve model 

In §Q~1 we described the variety Q d in two different ways: as an example of a con- 
tact singularity class defined in (11.21) . and as the Boardman class corresponding to the 
sequence (1, 1, . . . , 1) (cf. Prop. 11.61) . In this section, we recall another, birationally 
equivalent description of 0^ - the so-called "test curve model" - which goes back to the 
works of Porteous, Ronga, and Gaffney [|40ll43ll20l . Roughly, the idea of the construc- 
tion is to generalize (13.81) to d > 1 by requiring that the map-jet ¥ e J'din, k) carry a 
J-jet of a curve in C" to zero. As we have not found a complete proof of the appropriate 
statement (Theorem l4.ll) in the literature, we give one below. 

Recall the notation Lin : J'din, k) — > Hom(C", C k ) for the linear part of map-jets. A 
J-jet of a curve in C" is simply an element of J7k(l,n). We will call such a curve y 
regular if Lin(y) 0; introduce the notation jT g (l, n) for the set of these curves: 



(4.1) 



J7(l, ri) = {y 6 J d (\,n); Lin(y) * 0} . 
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Now define the set 

(4.2) & d = e J d (n, k); 3y e Jj g (l, n) such that >Poy = o). 

In words: &' d is the set of those J-jets of maps, which take at least one regular curve 
to zero. By definition, ®' d is the image of the closed subvariety of the quasi-projective 
3 d (n, k) x J7j g (l , n) defined by the algebraic equations T o y = 0, under the projection 
to the first factor. By a theorem of Chevalley (see []25], Ex. 3.19, page 94), the set &' d is 
constructible. We will not use the set 0^ itself in this paper, rather its Zariski closure: 
the variety & d c J d (n, k). 

Theorem 4.1. The Zariski closures of® d and &' d in 3 d (n, k) coincide. 

Proof. Recall from Proposition 11.11 that Q d is an orbit of the complex algebraic group 
"K d defined in (11.31) . To prove the theorem, it is then sufficient to show that 

• Q' d is *7C/-invariant, 

• & d n rf is nonempty, 

• codim(0'rf) = codim(0 t /) in fj d (n, k), and that 

• the subvariety & d c ^T d (n, k) is irreducible. 

Indeed, to see that these 4 statements are sufficient, we observe that according Propo- 
sitions 11.11 and 11.31 0,; is a single, irreducible 7C/-orbit. This fact, with the first two 
properties above induces that Q d c 0' /5 so & d c & d . Since 0' is irreducible of the same 
dimension as 0, & d = & d must hold. 

To show the 7C/-invariance of 0', observe that if y e ^T d (l,n) is regular and A e 
Diff^n), then A o y is also regular. Indeed, in this case 

Lin(A oy) = Lin(A) • Lin(y) ^ 0. 

Now, if *F e >Hd(n, k) such that *F o y = for some regular y, and (M, A) e 7C d , then 
recalling the action (11.41) . we have 

[(M, A) • o (A o y) = (Af • ¥) o A^ 1 o (A o y) = (M ■ ¥) o y = (M o y) ■ (¥ o y) = 0. 

This shows that A o y is an appropriate test curve for the transformed map-jet (M, A) • V F. 
To find an element in the intersection of & d and 0',, consider the map-jet 

0,...,0). 

It obviously belongs to Q d ; on the other hand, for the test curve y(i) = (t, 0, . . . , 0), we 
have Lin(y) ^ and ¥<) o y = in J d (n, k), hence ¥0 e 0^. 

Regarding the codimensions, we have codim(0 rf ) = d(k - n + 1) according to Propo- 
sition [L3l The proof of the irreducibility of & d and the computation of its codimension 
(cf. Proposition 14.51) will follow from the more detailed study of its structure, to which 
we devote the rest of this section. 

□ 

Our first project is to write down the equation ¥ o y = in coordinates. This is a 
rather mechanical exercise, and we will spend some time setting up the notation. 
A curve y e J7X1 , n) is parametrized by d vectors v\,...,v d in C": 

(4.3) y(0 = fvi + t 2 v 2 + ■■■ + t d v d , 
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In this explicit form, the condition of regularity, Lin(y) + 0, simply means that Vi 0. 

Next, we switch to a new parametrization of our space J'dik, n). Separating the sim- 
ilar homogeneous components of the k polynomials, P\, . . . ,Pt, and thinking of a ho- 
mogeneous degree-/ polynomial as an element of Hom(Sym'C'\ C), we may represent 
*P e Sd(k, n) as a linear map 

(4.4) ¥ = OF 1 , . . . , m d ) : ©f =1 Sym'C" -> C*. 

The standard basis of the vector space ®^ =1 Sym'C" may be parametrized by nonde- 
creasing sequences of positive integers, or, alternatively - and this is the language we 

will prefer - by partitions. Namely, to the partition [z^, , . . . , i{\ of the integer z'i H h i t 

with 1 <i m < n, we associate the basis element e tl ■ • • e it e Sym'C". 

In what follows, certain integer characteristics of partitions will be used. 

Notation 4.2. For a partition r = [z'i, . . . , U] of the integer z'i + . . . + i%, introduce 

• the length: \r\ = I, 

• the sum: sum(T) = i\ + . . . + U, 

• the maximum: max(r) = max(z'i, . . . , if), 

• and the number of permutations: perm(r), which is the number of different se- 
quences consisting of the numbers z'i, . . . , z'/; e.g. perm([l, 1, 1, 3]) = 4. 

Denoting the set of all nonempty partitions by II, we can parametrize the basis ele- 
ments of ®^ =1 Sym'C" by the finite set 

(4.5) {r e II; |r| < d, max(r) < n}. 

We will also use the notation II[zn] for the set of all partitions of the positive integer m: 

(4.6) II[m] = {r e IT; sum(r) = m}. 

Next, for a map-jet ¥ e J7d(/?, k), a sequence v = (vi, v 2 , . . . ) of vectors in C", and a 
partition r = [ii, . . ., z'/] satisfying I < d, max(r) < n, introduce the shorthand 

(4.7) v r = Y\ v ij e Sym'C" and ^(v^ = ¥(v h v k ) e C k . 

;=i 

Armed with this new notation, we can write down the equation *P o y = more 
explicitly, as follows. 

Lemma 4.3. Let y e ^(1, n) be given in the form (14.31) . Then, using the notation (14.71) , 
the equation ¥ o y = is equivalent to the following system of d linear equations with 
values in C k on the components of *F e ^7j(n, k), I = 1, . . . , d: 

(4.8) ^] perm(r) ¥(v T ) = 0, m=l,2,...,d. 

rell[m] 

Let us see what the system of equations (14.81) looks like for small d. To make the 
formulas easier to follow, we will use the Zth capital letter of the alphabet for the sym- 
metric multi-linear map *P' introduced in (14.41) : we will write A for the linear part of 
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*P, B for its second order part, etc. With this convention (see also (14.31) ). the system of 
equations for d = 4 reads as follows: 

(4.9) A(vO = 0, 

A(v 2 ) + B(vi,V!) = 0, 

A(v 3 ) + 25(vi, v 2 ) + C(v u vi, vi) = 0, 
A(v 4 ) + 2B(vi , v 3 ) + fl(v 2 , v 2 ) + 3C(vi, vi, v 2 ) + D(v! , Vi, vi, vi) = 0. 

For a curve y e ^T? g (l,n), introduce the notation e(y) for the system of equations 
(l4~8lR and 

(4.10) Sol e(r ) for the space of solutions of this system. 
Then, according to (|4.2I) . 

(4.1 1) & d = |J {Sol e(y) ; r e J^ eg d,«)} • 

In the following Proposition, we collect some simple facts about the system (14.81) . 

Proposition 4.4. (1) Let v e C", and assume that y e 3*j Z (\,ri) is such that 
Lin(y) is parallel to v. Pick a hyperplane H in C" which is complementary to v. 
Then there is a unique 5 e Diff^(l) such that 

(4.12) y o 6 = tv + t 2 v 2 + ••• + t d v d with v 2 , v 3 , . . . , v d e H. 

(2) For y e 3^(\,n), the set of solutions Sol e(y ) c ^Jd( n ,k) is a linear subspace of 
codimension dk. 

(3) Introduce the set 

J d (n,k) Q = {Te J d (n,fc)|dimker(Lin(T')) = 1} . 

Then for any y e 3*^(1, ri), Sol e ( r ) D J'din, k) is a dense subset ofSo\ E ( y y 

(4) //T e >!Td(n,k) , then may belong to at most one of the spaces Sol e ( r ). More 
precisely, 

if 7, Y e Jj g (l,n), dim(kerLin(^)) = 1, and^ o y = ¥ o y' = 0, 

?/iere exists 5 e DifLj(l) smc/i y' = 7 o S. 

(5) G/ve/i 7,7' € 3^ s (l,n), we have So\ E(y ) = Sol e( y) if and only if there is a 6 e 
DifLj(l) such that y' = 7 o S. 

Proof. For (1), write explicitly y(s) = sw\ + • • • + s d w d and 6 = Atf + ••• + A d t d . After 
performing the substitution s i-» 5, we obtain a curve 7 o 5 = fv + £ 2 v 2 + • • • + t d v d , 
where v/ = /l/Wi+terms with /is which have lower indices than Z; this clearly implies the 
statement. 

The second statement follows from the presence of the term *F'(vi, . . . Vi) in the /th 
equation of (|4.8I) . which is clearly linearly independent of the rest of the terms in the 
first / equations. 

For statement (3), let 7 = (vi, . . . , v d ), V\ + be as in (|4.3I) . and consider the linear 
map 

(4.13) Lin : Sol e(r) -> Hom(C'\ C*) 
We will give a more formal meaning to s in the next section. 
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associating to each solution *F = (A, B, . . .) e Sol e(> ,) of the system (14.91 ) its component 
A. Using the same argument as in the proof of statement (2), we can see that for each 
fixed A with Vi 6 ker(A), the system (14.91) , becomes a system of d - 1 linear equations 
with values in C k , whose solution is a (d - l)fc-codimensional linear subspace in the 
space of the rest of the components (B, C, . . .). In particular, this shows that (|4.13l) is 
surjective, and this implies statement (3). 

To prove statement (4), we assume that y and y' are normalized according to (|4.12l) 
with respect to some v e ker(Lin( l P)); then we show that y = y' using induction. As- 
sume, for example, that the two curves coincide up to the third order, i.e. v\ = v[, v 2 = 
v' 2 , v 3 = v' 3 . Then we see from (|4~9l that A(v 4 ) = A(y' 4 ). We have A = Lin(T') and 
ker(A) = Cv ls hence v 4 , v' 4 e H and A(v 4 ) = A(v' 4 ) imply v 4 = v' 4 . This completes the 
inductive step. 

The last statement is an immediate consequence of statement (2), (3) and (4). □ 
The construction of this section are summarized in the following diagram: 

J**(l,n) -t Gr(-dk,J d (n,k)) ^— Q d (n) 
Explanations: 

• Each space in the diagram carries an action of the group GL(k) x GL(n), and the 
maps are equivariant with respect to this action. 

• As usual, we denote by S the tautological bundle over the Grassmannian, and by 
ev s the tautological evaluation map (cf. diagram |3~TT) . To streamline our nota- 
tion, we denote by Gr (- dk, ^(n, k)) the variety of linear subspaces of codimen- 
sion dk in £Td(n, k); hence, the rank of the bundle S equals to dim(^7Xn, k)) - dk. 

• : J7^ eg (l, — > Gr (-dk, J'din, k)) ; y i-» Sol £ ( r ) was introduced in (14.101) . 

• The space Qd(n) denotes the topological quotient ,Tf g (l, n)/Diff rf (l) and the 
map 0Gr is induced by <f> (see Propositions 14.51 ( 1 ) and l4.7l below). 

Now we have 

Proposition 4.5. (1) The map <f> is Diff</(1 )-invariant, and the induced map (j)Q r on 
the orbits is injective. 

(2) The map ev s restricted to [r Gr ] _1 im(0) is of degree 1 onto & d . 

(3) 0^ is an irreducible subvariety of J j(n, k). 

(4) codimC© 7 ^) = d(k - n + 1). 

Proof. The first statement immediately follows from Proposition 14.41 (2) and (5), while 
the second is a consequence of Proposition 14.41 (3). (4) and Proposition [33J ev s is injec- 
tive on J d {n, kf n [r Gr ]- 1 im(0). 

To prove the third statement, we rewrite (14.111) in terms of diagram (14.141) : 

(4.15) ® d = ev s ([T Gi r l im$)) 
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As the map ev s is proper, we have 

(4.16) ^ = ev s ([T Gr r 1 im(5)) 

Now, the Zariski closure of the image of an irreducible variety under a morphism is 
irreducible, and so is a vector bundle over an irreducible variety. Applying this to the 
morphisms (p and ev s , and to the restriction of the vector bundle S to im(0), we obtain 
(3). 

Finally, note that the fibers of this vector bundle are codimension- dk vector spaces in 

J'din, k) (Proposition 14.41 (2)), while the base im(0) has dimension d(n - 1) by the first 
statement: the dimension of ,Tf g (l,n) is dn, and the dimension of Diff rf (l) is d. Hence 
the codimension of 0^ equals dk - d(n - 1) = d(k - n + 1). □ 

In what follows, the second statement of Proposition l4.5l will be crucial, as it provides 
us with a fibered model of the singularity locus 0j. In view of Proposition 14.51 it is 
natural to try to endow the quotient Qdin) with a complex structure such that 0Gr is 
a morphism; then, in our model (14.151) . we could replace im(0) by the image of the 
injective morphism (p Gr . 

This is indeed possible, as we show below. First, however, we recall some basic facts 
related to quotienting of complex manifolds (e.g. [30, §9]). 

Proposition 4.6. A free action of a complex Lie group G on a complex manifold M is 
proper if and only if the topological quotient M/ G may be endowed with the structure 
of a complex manifold such that the canonical map n : M — » M/ G is holomorphic. 
In this case, this complex structure is unique, and any G-invariant holomorphic map 
f : M — > K factors through M/G, i.e. the unique map f : M/G — > K for which 
f = f on is holomorphic. 

Proposition 4.7. There is a smooth algebraic bundle with affine fibers Qdin) — » P" _1 
and a holomorphic map p : J' d eg {\,n) — > Qdin) which is surjective, Diff d (l)-invariant 
and separates the Diffj(l) orbits. 

Proof. It will be convenient to identify ^(l,n) with Hom(C d , C"), i.e with the set of 
n-by-d matrices. Then J7j g (l,«) is the set of matrices with nonvanishing first column, 
while the action of Diff^(l) is represented by multiplication by d-by-d matrices (cf. 
Lemma IS.l II) . For a curve y e JT^(l,n) we will denote the (/, m)th entry of the corre- 
sponding matrix by y[i, m]; this is the same as the z'th coordinate of the the vector v m in 
the parametrization (14.31) . 

Now we can formalize the first part of Proposition l4.4l as follows. Let 

J7(l,n),. = {ye J**(l,n) : y[i, 1] * 0( 

and 

Ui = {ye J^ g (l,n); y[i, 1] * and y[i, m] = for m > 1} 
According to Proposition 531(1), for each y e iT!f g (l,«); there exists a unique h l (y) 6 
Diff ( /(1) such that y ■ h l (y) e Ui. Moreover, it is clear from matrix form in Lemma B.l II 
that the entries of h\y) are polynomials in the entries of y and y[i, 1] _1 . This defines a 
map 

Pi' 3?{Un) t ^U h Pi-.y^yhXy), 
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which establishes a one-to-one correspondence between the Diff,/(l)-orbits of ^Tj g (l, n)j 
and U t . 

This allows us to construct an algebraic manifold Qd(n) with coordinate patches U h 
i = 1, . . . , n, and transition functions 

frj : Ut n {y; y[j, 1] * 0} -» t/,-, y h+ y • ^(y). 

Since these transition functions are compatible with those of the projective space P" -1 , 
we can conclude that Qd(n) has the structure of an algebraic bundle over P"" 1 with affine 
fib-res. 

Now, by the construction, the maps pui= 1, . . . , n assemble into an algebraic map 

p: J r d eg (l,n)^Q d , 

which establishes a one-to-one correspondence between the Diff^(l)-orbits of J7j g (l, n) 
and Qd(n), which is what we needed to show. □ 

Corollary 4.8. The map $ on diagram (14.141) induces an injective holomorphic map 

<Pcr ■ Qd(n) -> Gr(-dk, J d {n,k)) 

such that im(0 Gr ) = im(0). 

Note that in view of Proposition 14.51 (2) and Corollary I4.8L diagram (14.141) seems to 
fit the scheme of diagram (13.121) . with Qd(n) playing the role of M. 

Recall, however, that the localization formulas of §[3] apply to compact manifolds. 
While the injective map Gr suggests a reasonable compactification of Qd(n): the closure 
of im(0 Gr ) in Gr (-dk, J'din, k)), the corresponding localization computations would be 
very difficult. The choice of the compactification is very important from the point of 
view of the efficiency of resulting formulas, and we will be very careful in constructing 
one. This is the subject of the next section. 

Another approach would be finding a general quotienting procedure resulting in a 
compact space representing the quotient of Sd(l,n) with respect to the action of the 
nonreductive group Diff,/(1). The problem of finding such an analog of the Geometric 
Invariant Theory of Mumford 11361 is addressed in the recent work by Brent Doran and 
Frances Kirwan IfTOl : the comparison of our constructions with their results should pro- 
vide us with new insights. Thus we hope that our work represents a step in the direction 
of creating an effective theory of localization on nonreductive quotients. 

5. The compactification 

As we observed at the end of the previous section, the morphism <j> in diagram (|4.14l) 
may be used to compactify Qd(n) = ^T? g (l,n)/Diff d (l), and, in principle, allows us 
to apply the localization techniques of §0 The resulting formulas turn out to be in- 
tractable, however, and the purpose of this section is to replace the Grassmannian by a 
"smaller" space, which provides us with a better compactification and, hopefully, with 
more efficient formulas. 

The constructions of this section form the backbone of the paper; we will employ 
two ideas. The first is straightforward: we note that the system of equations (|4.8I) has a 
special form respecting a certain filtration, and thus not every rffc-codimensional linear 



THOM POLYNOMIALS OF MORIN SINGULARITIES 



31 



subspace of the Grassmannian may appear as the solution space of a system of our 
equations. These special systems give us a smaller space to consider (cf. 35.11) . 

The second idea, detailed in §15.2[ is a bit more involved. The main features of this 
construction are removing a certain part of the space of regular curves, thus breaking 
the Diff,/(l)-symmetry, and then fibering the remainder over the space of full flags of 
J-dimensional subspaces of C". This leads to a double fibration, whose study we are 
able to reduce to that of a single fiber. 

5.1. Embedding into the space of equations. We start by rewriting the linear system 
toy = associated toy € 3d(\,n) m a dual form (cf. Lemma |4~3T) . The system is 
based on the standard composition map (11.11) : 

J d (n,k)xJ d (l,n)^J d (hk), 

which, in view of 3 d {n, k) = ^(n, 1) <S> C k , is derived from the map 

Jd(n,l)x Jrf(l,n)— > J d (l,l) 

via tensoring with C*. Observing that composition is linear in its first argument, and 
passing to linear duals, we may rewrite this correspondence in the form 

(5.1) iff : Jdihn) — > Horned, 1)*, J d (n, 1)*). 

To present this map explicitly, we recall (cf. (14.31) ) that a rf-jet of a curve y e J' d {l,n) is 
given by a sequence of d vectors in C", and thus, as a vector space, we can 

(5.2) identify J d (l, n) with Hom(C rf , C"). 

Also, according to (fl~4"l) . the dual of J d (n, 1) is the vector space Sym'C" = ©f =1 Sym'C", 
hence a system of d linear equations on $ d (n, 1) may be thought of as a linear map 
e € Hom(C rf , Sym'C' 1 ); the solution set of this system is the linear subspace orthogonal 
to the image of s: im(e) x c ^T d (n, 1) (cf. Definition 15 .41 below) . 
Using these identifications, we can recast the map iff in (15.11) as 

(5.3) iff : Hom(C£, C") — > Hom(C d R , Sym'C"), 
which may be written out explicitly as follows (cf. (I4.9D ): 



if/ : (vi,...,v rf ) 



VuVz +Vi,v 3 + 2viv 2 +v\,..., 2] perm(r)v r , 



sum(r)=m / 

Note that in (15.31) - anticipating what is to come - we marked the two copies of C d with 
different indices: L for left and R for right (cf. Convention after Lemma [5TI below) . 

The constructions of this section will be based on the observation that the spaces of 
map germs STd(n, 1) and STdO-, 1) - and hence their duals - have natural filtrations, and 
these filtrations are preserved by the map iff. 



The filtration on the dual of J d (n, 1) (cf. (1441) ) is 

(5.4) Sym'C" = ef =1 Sym'C" d efr/Sym'C d • • • d C e Sym 2 C" => C"; 
setting n = 1, this reduces to C d with the standard filtration: 

(5.5) C d D efj/Ce, d ■ ■ ■ D Cei Ce 2 => Ce 1 . 
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Now introduce the notation Hom A (-, ■) for the linear space of moronisms of filtered 
vector spaces. Then we have 
(5.6) 

Hom A (C^, Sym'C") = {s e Hom(C^, Sym'C"); e(e,) e ®£ 1=1 Sym m C B , l=\,...,d}. 

We will also need two open subsets of Hom A (C^, Sym'C"): the set of nondegenerate 
systems 

(5.7) T d (n) = {se Hom A (C^, Sym^C); ker(e) = 0}, 
and the set of regular nondegenerate systems 

(5.8) T v ;\n) = {se Hom A (C^, Sym'C"); s(ed <£ ®^ 1 Sym m C", l=l,...,d}. 
The following property of the map iff is manifest (cf. Proposition 14.41 2)): 

Lemma 5.1. The correspondence ij/ given in 05 .31) takes values in Hom A (C^, Sym'C"). 

Convention: The group of linear automorphisms of C d will be denoted, as usual by Gh d , 
its subgroup of diagonal matrices by T d , and its subgroup of upper-triangular matrices 
by Bd- In what follows, the two (left and right) copies of C d appearing in (15.31) will play 
rather different roles. To avoid any confusion, we will use the following notation for the 
corresponding groups: 

T l gB l c GL l and T R c B R c GL R . 

The space Hom A (C^, Sym'C") carries a left action of GL„, and also a right action of 
the Borel subgroup B R of GL R preserving the filtration (15.51) . Indeed, we have 

(5.9) B R = {be Hom A (C^, C d R ); b invertible}. 

Lemma 5.2. The subspaces Td{n) and T^in) o/Hom A (C^, Sym'C") are invariant un- 
der both GL„ and B R . The quotient Tdin) = fdin)IB R is a compact, smooth manifold 
endowed with a GL n -action, while T^in) = T Y d eg {n)l B R c Tdin) is a GL n -invariant 
open subset. 

Proof. To check the invariance with respect to the group actions is straightforward. The 
quotient Td{n)IB R may be described as the total space of a tower of d fibrations as 
follows. The base of the tower is P(C"), and a fiber of the first fibration over a line 
U e P(C") is P((C e Sym 2 C")//i). Next, the fiber of the second fibration over a point 
(h,l 2 ) e (P(C"),/ 5 (C , eSym 2 C7/i))isP(C"eSym 2 C"eSym 3 C' , )/(/i+/2),etc. This tower, 
which we denote by Tdin), is clearly a smooth, compact manifold. More formally, this 
construction defines a surjective holomorphic map Tdin) — » Tdin), which is a bijection 
on the orbits, and hence (cf. Proposition 14.61) Tdin) is the quotient Tdin)/B R . Finally, 
since Tj g in) is open in Tdin), then so is T™ g in) in Tdin). □ 

Remark 5.3. The space Tdin) may also be thought of as a Schubert variety in the flag 
variety of the partial flag manifold of full flags of J-dimensional subspaces of Sym'C": 

(5.10) Flag(Sym'C') = {0 = F c F 1 c • • • c F d c Sym'C", dimF, = /} . 
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Lakshmibai and Sandhya in 11291 (see also 112111 . Theorem 1.1) give combinatorial-type 
conditions under which a Schubert variety is smooth, and ^(n) satisfies these condi- 
tions. 

Before proceeding, we introduce some notation associated with the quotient in Lemma 
EH 

Definition 5.4. For e e Hom A (C^, Sym'C"), thought of as a system of equations, intro- 
duce the notation 

• Sol e for the solution set imCe)" 1 ® C k c J d (n, k), (cf. (14.1011 ) and 

• s for the point in fd(ri) corresponding to e. 

• Clearly, Sol £ = SoLj, for e e Hom A (C^, Sym'C") and b e B R , hence to each 
element e e Td(n) we can associate a solution space Sol e . 

The family of subspaces Sol e forms a holomorphic bundle over Td{n) as the following 
statement shows. 

Lemma 5.5. Consider the bundle V over fd(n) associated to the standard representa- 
tion of Br: V = T^din) Xb r C^. Then the canonical pairing 

(5.11) Td(n)xJ d (n, 1) -> Hom(C£,C) 

induces a linear bundle map from the trivial bundle with fiber 3d(n, 1) over 'Fdin) to V*: 

s : f d (n) -> HornCT^n, 1), V*) 

such that for s 6 Tdip), we have ker(s(e)) (g> C k = Sol £ c ^(n, k). 

The upshot of this identification is the following exact sequence of vector bundles over 
f d (n): 

(5.12) - Soly= ► J d {n, k) - V* <g> C* ► 0, 

where the fiber of Sol^ over e is the subspace Sol e . 

After these preparations we return to our main task: the replacement of the Grassman- 
nian in diagram (14.141) by a smaller variety. Observe that (15.121) induces a morphism 

(5.13) a : f d (n) -» Gr(-dk,J d (n,k)) . 

Lemmas |5 . 1 1 and 15^21 imply that im(0) = im(0 Gr ) c im(a), and hence, were a injective, 
we could argue that the map iff (cf. (15.31) ) induces an injective morphism from Qd(n) 
to Tdin). This seems reasonable since clearly factors through the map a. There is a 
subtlety here, however: the map (15.131) is not injective, thus we need to exercise some 
extra care. Indeed, for example, let d = 3, and take the points 

£i = (vi , v 2 , v\) and s 2 = (vi , v\, v 2 ) 

in !F 3 (n). Then Sol £] = Sol £2 , hence a{s\) = a(e 2 ), but s\ s 2 . 
The following statement resolves our problem. 

Lemma 5.6. We have 

• iff(J r ; g (l,n))cr^(n), and 

• the map a (defined in (|5.13l) ) restricted to !F^ eg (n) is an injective algebraic map. 
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Proof. We have V\ ^ for (vi, . . . , v^) e ^T? g (l, n), and hence the term in 
<K(v, , . . . , v d ))(Q) = v d l+ (d- l)vf" 2 v 2 + . . . 

does not vanish; this proves the first statement. To show the second, recall from Remark 
15.31 that Td(n) may be thought of as a sub variety of the flag variety (15.101) . Now, given 
s e Td(ri), we have a(s) = im(e)- 1 - ® C*, which clearly determines the vector space 
U = im(e). This in turn defines a sequence of vector spaces 

(5.14) ((£/ n C") c (U n (C Sym 2 C")) c (£/ n (e^ =1 Sym'C' ! )) C.cU). 

According to (15.81) . this is a flag when e e Td(n), which means that we can recover e 
form a(s) if s e Tdip)- □ 

Remark 5.7. If s £ !Fj eg (n), then (15.141) with U = im(e) will not define a flag, as some 
of the subspaces in the sequence will coincide. 

Remark 5.8. Note that s\ and s 2 in the example above are not in the image i/r(^ eg (l , n)). 
Using Lemma [531 we can define the map 

(5.15) 0^ = a _1 o0 Gr , 

where the domain of definition of a~ [ is understood to be im(a\^ g ). This allows us to 
reformulate our model as follows. 

Corollary 5.9. The map if/ in (15.31) induces an algebraic morphism 

4>f '■ Qd(n) -> Td(n), 
Moreover, 0^*(Sol^) = a*(S), hence by (14.151) and (14.161) . we have 

(5.16) ®' d = ^f (r-'timO^)]) 
and 

(5.17) rf = 0^ = ev f (r- 1 [im(0 f )]) ; 

finally, the map ev^ m (15.171) establishes a degree-1 map from T^[im(0^)] to 0'. 
Combining diagram (14.141) and sequence (15.121) . we arrive at the following picture: 



(5.18) 
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Remark 5.10. The closure im(0^) gives us a new compactification of the space Qd(ri) = 
J7(l,n)/Diff,(D. 

5.2. Fibration over the flag variety. In the previous paragraph we took advantage of 
the special "filtered" form of the system (|4.8I) . and replaced the Grassmannian from 
(14.141) with the space of linear systems T d {n). In this second part of the section, we 
further refine this construction. 

We start with a closer look at the "natural" identification (|5.2I) . In fact, the two objects 
are rather different: ^(l,n) is a module over DifLj(n) x Diffrf(l) while Hom(C rf , C") is 
a module over GL„ x GL^; in addition, note that we have the following somewhat odd 
inclusions: 

(5.19) Diffrf(l) c GL d , GL„ c Diff d (n). 

By a straightforward computation, the first of the two inclusions may be made more 
precise as follows. 

Lemma 5.11. Under the identification (15.21) . a substitution 

ait + a 2 t 2 + . . . + a d t d e Diff d (l) 

corresponds to the upper-triangular matrix 

' a x a 2 a 3 ... a d 

a\ 2a 1 or 2 ■ • ■ 2aia</_i + . . . 

a\ ... 3a 2 { a d - 2 + • ■ • ; 

... 

I • • • ... <4 ) 

the coefficient in the ith row and jth column is 

^ perm(r) a T , 

{ren[/]; |t|=() 

where the notation a T = flier a i was used. This correspondence establishes an isomor- 
phism o/Diff^l) with a d-dimensional subgroup of the Borel subgroup Bj c GL,/. 

Remark 5.12. In accordance with the convention introduced after Lemma I5T1 we will 
use the notation H L when working with the copy of the group H d in the "left" Borel 
subgroup B L . 

Now we return to the identification (|5.2I) of n) with Hom(C^, C"), and consider 
consider the subspace of injective linear maps: 

(5.20) Hom reg (Ct C") = {y e Hom(C£, C"); ker(y) = 0} 
The following statements are standard: 

Lemma 5.13. • Under the identification (15.21) . the space Hom reg (C^, C") is a dense, 
open subset of,J^ B (l,n). 
• The action ofB L on Hom reg (C^, C") is free, and the quotient Hom reg (C^, C n )/B L 
is the compact, smooth variety of full flags of d-dimensional subspaces ofC": 

Flag rf (C") = {0 = F c Fx c • • • c F d c C", dimF/ = /} . 



36 GERGELY BERCZI AND ANDRAS SZENES 

• The residual action of GL„ on Flag d (C") is transitive. 

Since fibrations over Flag rf (C") will play a major role in what follows, we introduce 
some notation related to the quotient described in Lemma 15 .131 

Definition 5.14. • Denote by y re f the reference sequence 

y ref = (e l ,...,e d )eHom^(C d L ,C n ), 

where e, is the ith basis vector of C", and and we use the identification (15.21) . Let 
f ref denote the corresponding flag in Flag rf (C"). 

• For a space X endowed with a left 5 L -action, denote by Ind(X) the induced space 

'IS 



Ind(X) = Hom reg (Cf,C") x Bl X. 



Note that, in particular, we have Hom reg (C^, C") = Ind(5 L ), and, according to Lemma 

Em 

(5.21) Hom reg (Ct C n )/H L = lnd(y ief B L /H L ). 

This equality means that we have managed to fiber a Zariski-open part of Qd(n) over 



Flag rf (C"). This suggests investigating the systems of equations (14.81) in a single fiber 
of this fibration; we will take a closer look at the fiber y re {B L lying over the point f ref e 
Flag d (C"). 

To inspect these systems, we will write them down in the standard basis of Sym'C"; 
using the notation introduced in § HI this consists of the elements 

e T = e i{ • . . . • e im , where r = D'i, . . . , i m ], m = |r| < d, and max(r) < n. 

We will denote the corresponding components of *P e J^(n, k) by 

y T = V n (e h ,...,e i J. 

We start with the reference system s ve{ = iKy re f): 

(5.22) £ref = | perm(T)¥ T = 0, I = 1, 2, . . . , d\ . 

Vsum(r)=/ ) 

With the convention of using the mth capital letter of the alphabet for v F n , the first four 
equations of e re f look as follows: 

(5.23) Ai = 

A 2 + B u =0 

A 3 +2B n + C m =0 
A A + 2B U + B 22 + 3C U2 + D mi =0 

Now consider a general element of y re {B L , a test curve over the reference flag: 

(Bne u B 22 e 2 +B 12 e u B 33 e 3 + B 23 e 2 + B n e y . . .). 



< B n B 12 B~ ■ ^ 



Tref • 



>13 

B 22 B 23 
B 33 
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The first 3 equations of the corresponding system (14.81) are 

(5.24) AiAi=0 

B 22 A 2 +B n A l+ (B n ) 2 B u =0 

B 33 A 3 + B 23 A 2 +yS 13 Ai + 2B n B 22 B l2 + 2B n B n B n + (J3 n ) 3 C lu = 0; 
these are thus of the form 

(5.25) u\A\ = 

u\A 2 + u\A x + u 2 n B n = 
u\A 3 + u\A 2 + u\A\ + 2u 3 l2 B u + u 3 n B n + MjjjCm = 0, 

with some complex coefficients of the form u"\ where m is the ordinal number of the 
equation, while r marks the component of *P. We observe that in the Zth equations of 
these systems, only the components ^ T satisfying sum(r) < / appear. This is in contrast 
with the equations of a general system (14.81) . which may be written in the components 
indexed by the set (|4.5I) . 

Lemma 5.15. The system of equations (14.81) corresponding to a test curve y e y re fB L is 
of the form 

(5.26) V perm(T)^¥ T = 0, l=\,2,...,d, 

sum(r)</ 

where u\, sum(T) < I < d, are some complex coefficients. 

Remark 5.16. We will think of the complex numbers u' T , sum(r) < / < d as coordinates 
onHom A (C^,Ym*e/). 

We can formalize this simple point as follows: introduce a new filtered vector space 
Ym'Cf: 

(5.27) Ym'Cf = Ce r D (J) Ce T d ■ ■ ■ d Ce 2 © Ce\ Ce x D Ce x ; 

sum(T)<d sum(r)<rf-l 

the notation is motivated by the fact that Ym'C^ is a truncation of Sym'C". Now recall 
the notation Hom A (-, ■) for filtration preserving linear maps, and introduce the following 
analog of Td{n): 

(5.28) £ = {s e Hom A (C^, Ym'Cf); ker(e) = 0}. 

With this notation Lemma l5.15l says that ifr(y re fBi) c fi. This statement may be global- 
ized as follows. Observe that the space Hom A (C^, Ym'C^) is a left-right representation 
of the group B L x B R , and consider the commutative diagram 

Hom A (C d R , Sym'C") 

(5.29) A> - 
Hom(C^, C") — Hom(C£, C") x Bl Hom A (C^, Ym'Cf) 

where 
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• iff defined in (15.11) . 

• the horizontal arrow is the correspondence y i-» (y, e ref ), 

• k is obtained by composing the linear map — > Ym'C^ with the substitution 

q? -» c n . 

A key point here is that we represent the set of systems (|5.24l) as an orbit of the inaction 
onHom A (C^Ym*C/). 

Proposition 5.17. (1) The open subset £ c Hom A (C^, Ym'C^) 15 invariant under 
the left-right action ofB L x B R . 

(2) The quotient £ = &/Br is a smooth, compact variety endowed with a left action 
ofB^ 

(3) The map k in diagram (|5.29l) is B^-equivariant, and induces a map k : Ind(£) — > 

r d (n). 

(4) The horizontal map in diagram \5.29\ induces an algebraic embedding 

cf) E : Hom reg (Ct C)/H L -» Ind(£), 

such that the restriction of the map (p^ to Hom ieg (C^, C)/Hl C Qd(n) factorizes 
as k o <p^(cf. diagram (15.181) ). 

Proof. The first and the third statements are obvious, while the second may be proved 
the same way as Lemma [5T2l 

For proving the last statement, observe that £ is naturally a subvariety of Td(n), and 
^(jrefBi) c £ implies that 4>f{y m fB L IH L ) c £ c Td{n). Moreover, denoting by (p the 
restriction of (pf to y rei B L /H L , it is clear that this injective map is an embedding, since 
it is an orbit of a point under a Lie group action. 

Now inducing over Flag d (C"), we obtain the embedding 

0e : lnd(BJH L ) Ind(£). 
The second half of the last statement follows from the construction of tpg. □ 

Corollary 5.18. Let e re f e £ be the reference point pr e (e ref ), where pr £ : £ — > £ 
projection. The stabilizer of the B L -action on & of the point e re f w ?/ze subgroup H L c 

Combining the results of Proposition 15. 171 with diagram (15.181) . we arrive at the fol- 
lowing picture: 

YMH L 1 - £ Sol^ 




(5.30) Hom reg (C£, C)/H L - 8 ■ Ind(£) ► ^(n) Ji(n, /c) 




Flag^C") V* ® C* 
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Now we are ready to formulate our model in its final form. 

• Consider the fibered product V = Hom reg (C^, C") x Bl & x Br C d R , resulting in the 
double fibration 

Flag d (C") <— Ind(fi) V 

where S is defined in (15.281) . and £ = G/B R . 

• Let Solg = k*(So\^ (n) ); then comparing the construction of the bundle V given 
above with Lemma 15751 we see that we can pull back the sequence from (15.121) 
to an exact sequence over &: 

Solg £Vg - J d (n, k) V* <g> - 

We have the following analog of (15.171) . 

Proposition 5.19. Let e re f e & be the point corresponding to the system (15.221) (cf. 
Corollary \5.18\) . Then the orbit B L s Ye f is an irreducible B L -invariant subvariety in & of 
dimension (f), and evg establishes a degree-1 map 

r- 1 (lnd(B^)) — > &d = ®d- 

Proof. The first half of the statement follows from Corollary 15.181 once we note that the 
image of the map (p is exactly B L e re f. For the second half consider the following facts: 

• The evaluation map evg is proper. 

• According to Proposition ^ . 1 71 (4). we have (f>^ = k o 0g on the Zariski open part 
Uom^(C d L , C")/H L in J^ eg (l, n)/Diff d (l). 

• The closure of & d coincides with that of 0^. 

Now the statement follows from our previous "model" construction, (15.161) . □ 

6. Application of the localization formulas 

Recall that our aim is the computation of the equivariant Poincare dual eP[0J, where 
the subvariety Q d c ^Jd(n, k) represents the A d - singularity (cf. §[[]). The symmetry group 
of the problem is the product of matrix groups GL„ x GL^; the respective subgroups 
of diagonal matrices are T n with weights (Ai, . . . , A n ) and 7* with weights (6\,..., 6k), 
hence ePf©,/] is a bisymmetric polynomial in these two sets of variables. 

In this section, we apply the localization techniques of O to the computation of 
eP[0 rf ] using the model described in 35.21 As our model is a double fibration, the appli- 
cation of the localization formula is a 2-step process. 

Before we proceed, we set the following convention: when describing the action of 
B L on the 5«-quotient £, we will revert to the notation B d , since here there is only one 
copy of the Borel group is acting. 

6.1. Localization in Flag rf (C"). The model of Proposition 15 .191 is an equivariant fibra- 
tion over the smooth homogeneous space Flag d (C"), hence, in this case, we can use 
Proposition 13.91 (cf. § 13.3.11) . which applies when the fibers of S are not necessarily 
linear and smooth. The result of our calculation is Proposition l6.3l below. 
The data needed for formula (|3.11l) ) is 

• the fixed point set of the TVaction on Flag rf (C"), 
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• the weights of this action on the tangents spaces T / ,Flag rf (C) at these fixed 
points, 

• the equivariant Poincare duals of the fibers at these fixed points. 

The following general statement will be helpful in organizing our fixed point data. Its 
proof is straightforward and will be omitted. 

Lemma 6.1. Assume that the torus action in Proposition \3. 71 is obtained by a restric- 
tion of a GL n -action to its subgroup of diagonal matrices T n . Then the Weyl group of 
permutation matrices S n acts on M T ", and we have 

ePiS^.p, W] = cr • eP[5 p , W] and Euler r "(T a -. p M) = a • Euler r "(T p M). 

for all cr e S n and p e M Tn . 

Our situation is fortunate in the sense that the action of S n on the fixed point set is 
transitive. Indeed, the fixed point set Flag rf (C") r " is the set of partial flags obtained from 
sequences of d elements of the basis (e\, . . . ,e n ) of C"; in particular, |Flag a (C") r " | = 
n(n — 1) . . . (n — d + 1). 

Recall the notation f ref for the reference flag associated to the sequence (e\, . . . , e^). 
The stabilizer subgroup of f ref in S n is the subgroup S n ^ permuting the numbers starting 
with d + 1, and the map cr i-» cr • f ref induces a bijection between Flag d (C") r " and the 
quotient SJS n -d- 

According to Lemma [67TL it is sufficient to compute the equivariant Poincare dual of 
the fiber and the weights of the tangent space at the reference flag f re f. The weights of 
T frcf Flag d (C") are well-known: 

{At - A m ; 1 < m < d, m < i < ft}; 

the weights at the other fixed points are obtained by applying the corresponding permu- 
tation this set. 

The numerators of the summands of (13.1 II) in our case are much harder to compute, 
although, thanks to Lemma 16. 11 it is suffices to compute the numerator for the fixed 
point f re f. The situation over f re f is reflected in the following diagram: 

SoLj — — J d (n, k) — S -~ V* 9 C* 

(6.1) 



O = B d e m{ = & 

The fiber of our model (15.161) over the fixed point f re f is the set t~ 1 (0), where we 
introduced the notation O for the closure of the 5 £ ;-orbit of e re f. Using this notation, we 
can write the numerator of the term corresponding to f re f in the sum (13.1 II) as follows: 

(6.2) eP [ev^r- 1 (£>)), JX>a)]- 

Recall that this is a polynomial in two sets of variables: A = (A\, . . . ,A n ) and 6 = 
... , 9k). Since O is invariant under B t i only, this polynomial is not necessarily sym- 
metric in the As. The following statement is straightforward. 
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Lemma 6.2. The equivariant Poincare dual (16.21) does not depend on the last n-d basic 
A-weights: A d+u ...,A n . 

Proof. Indeed, recall that svgr^(Btis ie: f) consists of all possible solutions of the systems 
of equations of the form B L s re f. We wrote down these systems explicitly in (15.241) . and 
saw in § 15 .21 that all these systems are in fi. The systems of equations in G, however, 
impose conditions only on those components of *F which do not have indices higher 
than d, and this implies the statement of the Lemma. □ 



As a consequence of Lemma I6T21 the equivariant Poincare dual (|6.2I) may be consid- 
ered as being taken with respect to the group Tj x 7*, which has weights z = (zi, . . . , Zd) 
and = (0i,..., ft). 

Putting together Lemmas I6TT1 and l6~2l and the description of the fixed point set Flag d (C") r '' 
given above, we arrive at the following form of (13.1 II) applied to our situation: 

Proposition 6.3. We have 

~, nrn n v Qf\(Ao-.i, . . . ,Ao-. d ,6) 
(63) eP[0 d ] = 2j n TV a -1 V 

creSJS,, d 1 ll<w<d IL^m+lW-i ^cr-m) 

where 

(6.4) 2fi(z, 0) = eP [evg (r~ l (0)) , J d {n, k)]^ . 

6.2. Residue formula for the cohomology pairings of Flag rf (C"). Usually, formulas 
such as (|6.3I) are difficult to use: they have the form of a finite sum of rational functions, 
and only after adding up the terms of this sum and performing some cancellations do we 
obtain a polynomial. These computations often obscure the underlying structures, and 
they are rather unwieldy as the number of terms of the sum grows very quickly with n 
and d. 

In this paragraph, we derive an efficient residue formula for the right hand side of 
(|6.3I) . While the geometric meaning of this formula is not entirely clear, our summation 
procedure yields an effective, "truly" localized formula; by this we mean that for its 
evaluation one only needs to know the behavior of a certain function at a single point, 
rather than at a large, albeit finite number of points. 

To describe this formula, we will need the notion of an iterated residue (cf. e.g. [|46l ) 
at infinity. Let oj\, . . . ,co N be affine linear forms on C d ; denoting the coordinates by 
Z\,...,Zd, this means that we can write u>\ = a° + a\z\ + . . . + a'fzd- We will use the 
shorthand h(z) for a function h(zi, . . . ,Z d ), and dz for the holomorphic d-form dzi A 
• • • A dz d - Now, let h(z) be entire function, and define the iterated residue at infinity as 
follows: 



h(z) dz 

\=Rj IL=1 OJi 



(6 .5) te ... ta *»*S('f f ...f 

zl =oo z d =oo T\. =l coi \2m) J M=Rl J lzd 

where 1 <g. R\ « . . . <sc R d . The torus {\z m \ = R,„; m = 1, . . . , d} is oriented in such a 
way that Res Zl=M . . . Res, rf=O0 dz/(z\ ■■■Zd) = (-1)''- 
We will also use the following simplified notation: 

def 

Res = Res Res . . . Res . 



Zl=°° Z2=°° 
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In practice, the iterated residue [631 may be computed using the following algorithm: 
for each i, use the expansion 

(6.6) i . f ( _ 1 /^«+--+«rw - 

where q(i) is the largest value of m for which a™ 0, then multiply the product of 
these expressions with (-l) d h(z\, . . -,Zd), and then take the coefficient of z" 1 ...z^ 1 in 
the resulting Laurent series. 

We have the following iterated residue theorem. 



Proposition 6.4. For a polynomial Q(z) on C d , we have 

Q(J-o- 1 , • • • , /W n ._ril <m<l<d(Zm ~ Zl) Q(Z) dz 

n, , 



y, y QC/lp-l, ■ ■ ■ ,Acr.d) _ ^ lll<m</<rf(Zm ~ Zl) Q(z) 

cJis , n?=m + iU<r-/ - ^») ~ *=~ nil uim - zd 



Proof. We compute the iterated residue (16.71) using the Residue Theorem on the pro- 
jective line C U {oo}. The first residue, which is taken with respect to Zd, is a contour 
integral, whose value is minus the sum of the ^/-residues of the form in (16.71) . These 
poles are at Zd = Aj, j = 1, . . . , n, and after canceling the signs that arise, we obtain the 
following expression for the right hand side of (16.71) : 



\<m<i<d-\(z m - Zi) nf=i 1 (z/ - Aj) Q(z\, Zd-\,Aj) dzi ... dzd-i 



p nt! niM - zd n;w« - <y 

After cancellation and exchanging the sum and the residue operation, at the next step, 
we have 

/ -iW-lV* n Y\l<m<Kd-\(Zm ~ Zl) Q(Z\, ■ ■ ■ ,Zd-\,Aj) dZl ■ ■ -dZd-l 

(-If ) Res — = — = — . 

U zd - i=o ° nij {a - Aj) ntto - zd) 

Now we again apply the Residue Theorem, with the only difference that now the pole 
Zd-\ = Aj has been eliminated. As a result, after converting the second residue to a sum, 
we obtain 

^ l\2d-3 V 1 V 1 Y\l<m<l<d-2(Zl ~ Z m ) Q(Zl, ■ ■ ■, Zd-2, A s , Aj) dZ\ . . . dZd-2 

j~t J^j (A s - Aj) Ulj, s {(At - Aj)(Ai - A s ) Utii^i ~ zi)) 

Iterating this process, we arrive at a sum very similar to (16.31) . The difference between 
the two sums will be the sign: (-l)^ -1 )/ 2 , and that the d(d - l)/2 factors of the form 
(Aa(i) - Aa-(m)) with 1 < m < i < d in the denominator will have opposite signs. These 
two differences cancel each other, and this completes the proof. □ 

Remark 6.5. Changing the order of the variables in iterated residues, usually, changes 
the result. In this case, however, because all the poles are normal crossing, formula (16.71) 
remains true no matter in what order we take the iterated residues. 
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6.3. Localization in the fiber. Combining Proposition 16.31 with Proposition 16.41 we 
arrive at the formula 

fCQ\ nrrt cr ( m r, Y\l<m<l<d(z,„ ~ Zl) Qfi(z,, 6) dz 

(6.8) eP[® d ,J d (n,k)] = Res — — — . 

UUlltM-zd 

The "only" unknown here is the polynomial <2fi( z > &) defined in (|6.4I) . and, therefore, we 
now turn to its computation. 

Let us briefly review the construction of <2fi(z, 0) (cf. diagram (16.11) and Proposition 
16.31) . This polynomial is an equivariant Poincare dual taken with respect to the group 
T d x 7fc, which has weights (zi, . . . ,Zd) and (Oi, . . . , Ok)- Consider the B L x B R -modu\e 
Hom A (C^, Ym'Cf ), and endow it with coordinates u{ e Hom A (C^, Ym'C d L )*, indexed 
by pairs (r, /) 6 IT x Z >0 satisfying sum(r) < I < d. We will consider the dual space 
spanned by these coordinates as carrying a right action of T d xT k ; accordingly, 

(6.9) the weight of u\ = (z h + z h + ■ ■ ■ + Z im ,0i), where r = [i u i 2 , . . . , ij. 

For each nondegenerate system e e S c Hom A (C^, Ym'C^) we denote the image 
pr £ (e) in the quotient pr g :£—>£ = S/B R by s; in particular, we have a reference point 
£ ref e S corresponding to the system e re f given by 

1, if sum(7r) = / 
0, otherwise. 



(6.10) u l n (s ref ) = 



The stabilizer subgroup of £ ref e S under the 5 d -action is a ^-dimensional subgroup 
H d c B d , hence the orbit B d e m f c & is a subvariety of dimension d(d - l)/2; we denoted 
the closure of this subvariety by O. 
Next, consider the vector bundle 

V = 6x BR C d R ^6 = 6/B R 

associated to the standard representation of B R , and the T d x TVequivariant linear bundle 
map from a trivial bundle 

s : 6xJ d (n,k) — » V*®C* 

defined by the natural composition (|5.1 II) . Then, according to Proposition 15 . 1 91 the 
polynomial <2fi(Zj Q) is the equivariant Poincare dual in ^ d (n, k) of the union of the 
vector spaces ker(s) lying over O c S (cf. (16.41) ). 

While the variety O is highly singular, the set of TVfixed points of O is finite - as 
we will see shortly - and hence we can apply here the localization principle based on 
Rossmann's integration formula: Proposition 13 .101 The result is: 

Euler M (V; ® C k ) emult p [0, fi] 



(6.11) Qfi(z,0)= Yj 



& Euler^ x ^(T p £) 

Our task thus has reduced to the identification and computation of the objects in this 
formula. These are: 

• The set Td of T^-fixed points in O c £, 

• the weights of the reaction on the fibers V p for p e Td , 

• the weights of the 7y action on the tangent spaces T p & for p e Td , 



44 



GERGELY BERCZI AND ANDRAS SZENES 



• the equivariant multiplicities of in £ at each fixed point p e Td . 

The most immediate problem we face is that we do not have an effective description 
of the set Td of Tyfixed points in O. There is a formal way around this: we replace 
the fixed point set Td with the larger set & Td , and define the equivariant multiplicity 
emult p [(9, S] to be zero in the case when p e S Td \ Td . 

The set of fixed points S Td is fairly easy to determine: these fixed points are given 
by those nondegenerate systems e e & c Hom A (C^, Ym'C^) for which the tensors 
s{e m ) e Ym'C d L , m = 1, . . . , d are of pure TVweight. These, in turn, may be enumerated 
as follows. 

Definition 6.6. We will call a sequence of partitions n = (ni, . . . ,n d ) e U xd admissible 
if 

(1) sum(7T/) < / for / = 1, . . . , d and 

(2) Tii ^ n m for 1 < I ^ m < d. 

We will denote the set of admissible sequences of length d by H d ; we also introduce the 
numerical characteristic: 

d 

defect(7r) = ^(Z - sum(^/)). 

i=i 

As an example, we list the admissible sequences in the case d = 3: 

n 3 = {([1], [2], [3]), ([1], [2], [1,2]), ([1], [2], [1, 1]), ([1], [2], [1,1, 1]) 

([1], [1, 1], [3]), ([1], [1, 1], [1, 1, 1]), ([1], [1, 1], [2]), ([1], [1, 1], [1,2])}; 
For n = (ni, . . . ,7T d ) eH d introduce the system e n given by 

1 if t = n h 
1 otherwise. 



(6.12) u l Je n ) = 



As usual, the point corresponding to e n in S will be denoted by e n = pr £ (£ 7r ). 
The following statement follows from the definitions. 

Lemma 6.7. • The correspondence n i-» e n establishes a bijection between the 
set H d of admissible sequences of partitions and the fixed point set S Td . 
• For rell, and an integer i, denote by mult(/, r) the number of times i occurs in 
t, and let z T = Zier mult(z, r) z,-. Then, given an admissible sequence n e H d , the 
weights of the T d -action on the fiber ofV at the fixed point s n are 

Corollary 6.8. The weights of the T d x T k action on fiber ® C* are 

{6j - z„ m ; m = 1, . . . , d, j = 1, . . . , k}. 

Next we turn to the 3rd item on our list: the weights of the 7> action on tangent space 
of S at the fixed points e n ; we will use the simplified notation T^fi for this tangent space. 
To compute the answer, it will be convenient to linearize the action near s„. 



THOM POLYNOMIALS OF MORIN SINGULARITIES 



45 



Definition 6.9. For each n = (tti, . . . ,nj) e 11^ introduce the affine-linear subspace 
N„ c Hom A (C^, Sym'C' 1 ) given by 



Also, for 7r 6 Hd introduce the map 

a„ : Hom A (C^, Sym'C") -> Mat dxd 

which associates to each system s its d x d minor corresponding to the sequence of 
partitions n = . . . , n d ). 

A few comments are in order. First, we can rewrite the above definition of N n as 
follows: 

(6.13) N n = {e<= Hom A (C^, Sym'C' 1 ); a n (s) e £/_} 

where £/_ is the subgroup of lower-triangular d x d matrices with Is on the diagonal; 
this way it is apparent that N n c fi. 

Also, observe that s„ e N„, and considering this special point to be the origin, we may 
think of N n as a linear space. Then N„ is endowed with a natural set of coordinates: 

(6.14) u\fa = u l T \N„, sum(r) < / < d, r ^ n\, . . . ,n { . 

Proposition 6.10. Let n e Jl d be an admissible sequence of partitions. Then 

(1) the restriction of the projection pr £ : & — > S to N n is an embedding and the 
collection {pr £ (7V ff ); n e Tlj} forms an open cover ofS. 

(2) for any ji e 11^, the image pr £ (A4-) c fi is T ^-invariant, and the induced Tr- 
action on N n is linear and diagonal with respect to the coordinates (16.141) . Con- 
sidering Td as acting on the right on these coordinates, 

(6.15) the weight of = Z T -Z m - 

(3) 7/"defect(7r) = 0, then pr £ (A^-) c G is Bj- invariant. 

Remark 6.11. We will denote by T„ and B„ the actions of T d and B d induced on N„ by 
the embedding pr £ . 

Proof. We first show that U {pr £ (N„); n e II,/} = fi. This means that for an arbitrary 
element s e £, we have to find an admissible partition n e 11^ and an upper-triangular 
matrix bR = ^«(e, n) e B R such that s • b R e N n . This can be done by elementary 
column operations: consider e as a dim(Ym'C^) x d matrix whose columns are linearly 
independent, and whose rows are indexed by partitions. The only nonzero entry in 
the first column corresponds to the trivial partition [1], hence we can multiply the first 
column by a constant to rescale this entry to 1 , and then annihilate all other entries in 
the same row by adding multiples of the first column to the others. Next, since e is 
nonsingular, we can pick a nonzero entry in the second column of the resulting matrix 
- this entry will correspond to a partition n 2 - and, again, using column operations, 
we annihilate all entries in this row starting form column 3 and so on. Continuing this 
process, we obtain an admissible n = (tti, . . . , nd), and the described sequence of column 
operations produces an upper-triangular b R e B R such that s • b R e N n . 
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The process described above finds an appropriate n e H d for each s, and brings a n (s) 
to lower-triangular form. Moreover, if pr £ (e! ) = pr e (e 2 ) for s\ , s 2 e N n , then srb R = e 2 
for some bft e B%, and therefore a„{e\) • b R = a n (s2)- Since a x (s\), a }T (£2) are lower- 
triangular with Is on the diagonal and B R is upper-triangular, this can only happen when 
bR is the unit matrix, so e\ = s 2 - This proves that pr £ is injective on N n , hence the 
restriction pr G \N n is an embedding. 

To approach statements (2) and (3), we write down the action of B d on & in the chart 
N n . Recall that the multiplication map £/_ x B d — > GL d is injective. This allows us to 
define the 5 rf -component a B for an element a e U B d ; in particular, for any such a, we 
have a ■ (a B )~ l e £/_. Then, for b e B d and s e N n we can define the partial action: 

(6.16) (b,s) »b„s = b L -s- {a„{b L ■ e) B y\ 

which is valid if a n {bi ■ s) e U-B d . 

Now consider the case when b = t e T d is a diagonal matrix. In this case, a n (b L ■ s) 
remains lower-triangular, with the numbers (f l , . . . , f d ) on the diagonal, where f is the 
character of T d corresponding to the weight z T . This means that a n (b L ■ s) e U-B d , and 
the Borel factor a n (b L ■ s) B is the diagonal matrix with these same entries: 

(6.17) a n (b L 's) B = diag[f\...,f*]. 

Note that this matrix is independent of s. Now statement (2) follows easily. 

Finally, to prove (3), observe that if defect(^) = 0, then the filtration-preserving prop- 
erty implies that a n (s) is upper- triangular for any e 6 Hom A (C^, Sym'C"). Hence for 
s 6 N„ the matrix a n (s) is the identity matrix, and thus, using the condition defect(Tr) = 
once again, we can conclude that a n (b L ■ s) is upper-triangular with the numbers 
(f l , . . . , f d ) on the diagonal, where t is the diagonal part of b. This means that a„(b L ■ 
e) B = a n {b L ■ s) 6 B d , which implies statement (3). □ 

Remark 6.12. Clearly, a K {bh ' e) depends linearly on e. In the case defect(7r) = 0, we 
have a n {b L ■ e) B = a n {b L ■ e), and hence the action (16.161) of B n on N„ is quadratic, not 
linear as the T^-action. When defect(?r) > 0, the action of B n is not defined on the whole 

Of Mr- 

Proposition 16.101 provides us with a linearization of the TV action on S near every 
fixed point. This allows us to compute equivariant multiplicities in (16.1 II) using (12.131) . 
Indeed, if we introduce the notation 

(6.18) 0„ = (pr E \N n r\0) 
for the part of O in the local chart N n , then we can write 

(6. 19) emultgja 6] = eP[0„, NA- 
Next, we take a closer look at the set 0„. 

Lemma 6.13. For every n e H d , we have 

(6.20) O n = B L s ief B R n N n . 

Moreover, e re f e N n if and only z/'defect(7r) = 0, and in this case O n = B„s xt f, where B n 
stands for the action (16.161) . 
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Proof. By definition, O n = B L e re fB R n N„, and hence (16.201) follows from the fact that 
B d acts properly on the right on U-B d c GL d . The second statement then immediately 
follows from the comparison of (16.101) and Definition |6.91 □ 

Let us take stock of our results so far. Substituting the weights from Corollary 16.81 
and (16.151) into (16.1 II) . and taking into consideration (16.191 ). we obtain: 

(6.21) Q n (A,0) = ^ , 

n n 



where 

(6.22) Q n 



1=1 sum(r)</ 

\6P[(0„,N X ] if s n eO, 
10 if e„t O. 



Combining this formula with (16.71) . and arrive at our first formula for eP[0d]: 
(6.23) 

DFM i D Um<l(Zm ~ Zl) dz V - ZnJ Q„(Z) 

e"[0rf] = Res — -, > — ; 

z =°° nti n-=iU; - zi) ^ nti nife - z*)\ ^m(r) < i, T * n u . . . m 

Now observe that the sum here is finite, hence we are free to exchange the summa- 
tion with the residue operation. Rearranging the formula accordingly, we arrive at the 
following statement. 

Proposition 6.14. For each admissible series n = (tti, . . . , n d ) ofd partitions, introduce 
the polynomial Q„(z) defined by (16.221) . then 

d k 

(6.24) ePt©,] = V Res ^ dz. 

t—l z=oo d r+ n\,... ,n\ d n 

n n nn«--) 

1=1 sum(r)</ 1=1 i=l 

This formula has the pleasant feature that the three parameters of our problem, n, k 
and d, enter in it in a separate manner. The first fraction here only depends on d, the 
denominator of the second only depends on n, and the numerator of this latter fraction 
controls the ^-dependence, with some interference from the sequence n. 

While this formula is a step forward, it is rather difficult to use in practice, since 
the number of terms and factors in it grows with d as the the number of elements in 
Il d . Also, the known properties of Thorn polynomials listed in Proposition 12.121 are not 
manifest in (16.241) . 

In the next section, we will see that this formula goes through two dramatic simplifi- 
cations, which will make it easy to evaluate it for small values of d. 

Before proceeding, we present a schematic diagram of the main objects of our con- 
structions. We hope this will help the reader to navigate among the various spaces we 
have introduced. 
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Explanations: 

• The lower circle is the flag variety Flag^C"); the fat dots inside represent the 
T n -fixed flags in Flag rf (C"). 

• The upper circle is S, the fiber of the bundle Ind(£) over the reference flag f ret . 
The small circles inside represent the 7yfixed points in S. One of these fixed 
points, £dst 6 £ will play an important role in what follows. 

• The region bounded by the curvy-linear pentagon represents the 5 rf -orbit of the 
reference point e ref , which is marked by a triangle. The closure of the orbit is O; 
this is a singular subvariety of fi, which contains some of the fixed points of S, 
but not all of them. 

• The straight lines on top are the linear solution spaces of the corresponding 
systems of equations in fi. The union of these solution spaces lying over those 
points of the fiber bundle Ind(£) which correspond to O form the closure of our 
singularity locus &J. 

7. Vanishing residues and the main result 



The terms on the right hand side of formula (16.241) are enumerated by admissible 
sequences. There is a simplest one among these: 

(7.1) 7Tdst = ([l],[2],...,M), 
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which we will call distinguished . To avoid double indices, below, we will use the 
simplified notation <2dst instead of Q nisi , and similarly £ dst , N^ x , 0& st , etc. 
The following remarkable vanishing result holds. 

Proposition 7.1. Assume that d n < k. Then all terms of the sum in (|6.24l) vanish 
except for the term corresponding to the sequence of partitions 7r dst = ([1], [2], . . . , [d]). 
Hence, formula (16.241) reduces to 

Qdstfel, • • • , Z n ) Um<l(Zm ~ Z/) dz lltl U.%i(&j ~ Z/) 



(7.2) eP[0J = Res 



Z=oo 



illi Y\{(zt - zi); sum(r) < /, M > 1} nti niM - zd 



where Q dst = eP[(9 dst , N ds tl 

Before turning to the proof, we make a few remarks. First, note that this simplification 
is dramatic: the number of terms in (16.241) grows exponentially with d, and of this sum 
now a single term survives. This is fortunate, because computing all the polynomials 
Q n , 7r e IIj seems to be an insurmountable task; at the moment, we do not even have an 
algorithm to determine when Q n = 0, i.e. when s n e O. 

Our second observation is that after replacing in (|7.2I) Zi by -zi, I = 1, . . . , d, we can 
rewrite (|7.2I) as 

(7.3) eP[0 rf ] = Res { ~ lY Um<l(Zm - Z,) QdMu ■ ■ ■ ' Zn) f\Rc(-) zf n dzn 

^ nti n {(z T - zd; sum(r) < Z, |r| > 1} \J \z,J 1 

where RC(z) is the generating series of the relative Chern classes introduced in (12.231) . 
Indeed, the denominator and the numerator of the fraction in (|7.3I) are homogeneous 
polynomials of the same degree, hence this substitution will leave the fraction un- 
changed. We thus obtain an explicit formula for the Thorn polynomial of the A d - 
singularity in terms of the relative Chern classes. This is important, because the fact 
that (17.31) conforms to the result of Thorn-Damon, Proposition ^. 121 (3). suggests that we 
have the "right" formula. 

Most of the present section will be taken up by the proof of Proposition 17. II In § I7.2L 
we derive a criterion for the vanishing of iterated residues of the form (16.51) . Applying 
this criterion to the right hand side of (|6.24l) reduces Proposition ^, ll to a statement about 
the factors of the polynomials Q n , n e Proposition 17 .4[ According to Lemma [231 
such divisibility properties follow from the existence of relations of a certain form in 
the ideal of the subvariety O n c N n . We find a family of such relations in § 17.31 (see 
(17.181) ). and then convert the condition in Lemma [231 into a combinatorial condition on 
Ji (cf. Lemma 17 .121) . At the end of § 17 .31 we show that if a sequence n does not satisfy 
this combinatorial condition, then it is either TTdst or s n i O, thus completing the proof 
of Proposition 17. II 

Introduce the subset II^ c IIj defined by 

(7.4) U = {n e U d , s^eO}. 

As we mentioned earlier, at the moment, we do not have an explicit description of this 
set. In the course of this proof, however, we obtain a rather efficient, albeit incomplete 
criterion for a sequence n 6 II^ not to belong to n^; we explain this criterion in § 17.41 
Finally, in 37.51 we further simplify (17.31) . and formulate our main result, Theorem 17 .161 
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Before embarking on this rather tortuous route, we give a few examples below in 37.1[ 
which demonstrate the localization formulas and the vanishing property explicitly. Note 
that we devote the last chapter of the paper to the detailed study of (17.31) for small values 
of d, and hence the proofs in 37. II will be omitted. 

7.1. The localization formulas for d = 2,3. The situation for d = 2 and 3 is simplified 
by the fact, that in these cases the closure of the Borel-orbit O = B^Sref c & is smooth. 
We will thus use the Berline-Vergne localization formula (|2.15l) instead of Rossmann's 
formula, and instead of (16.211) we can work with an explicit expression, not containing 
equivariant multiplicities which need to be computed. This allows us to write down the 
fixed point formula for eP[0j] obtained by substituting a simplified version of (l6.21l) into 
(|6.8I) . and then compare it to the residue formula (17.21) . In these cases we can describe 
the set Ho easily as well. The formulas below are justified in §(8) 
For d = 2, we have O = & = P 1 . There are two fixed points in £: 

n = n 2 = {([i],[2]), ([i],[i,i])}. 

Then our fixed point formula reads as follows: 

n n j 

eP[02] = § § rnu^ - uum - 

( n k M (0j-^)n k j = i(dj-^) n k M (0j-^)n k j =l (e j -2A s ) ) 

^ 2A S - A, A t - 2A S t 

This is equal to the residue (16.241) : 



Res Res ~ ~ 

nti(^-^i)nr=iU-z 2 ) 

X ( 2^ + ^2^ / 

Proposition 17 . 1 1 states that the residue of the second term vanishes; this is easy to check 
by hand. 

For d = 3, the orbit closure O is a smooth 3-dimensional hypersurface in B. There are 
6 fixed points in O, namely 

n = {([1], [2], [3]), ([1], [2], [1, 2]), ([1], [2], [1, 1]), 

([1], [1, 1], [3]), ([1], [1, 1], [1,1, 1]), ([1], [1, 1], [2])}; 

the remaining 2 fixed points in £ do not belong to O (see Proposition 17. 141) : 



([1], [2], [1,1,1]), ([1], [1,1], [1,2]) * Uo. 
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Hence the corresponding fixed point formula has 6 terms: 



A riy=l(#/ -/ W 

eP[ M 3] = h % ht - u - ^ - m 



n k j=l (dj-* t ) 

2A S - A t 



U k j=i(0j-A u ) Y\) =l {ej-A s -A t ) \\) =l {6 j -2A s ) ] 



{ (2A S - A U )(A S +A t - A u ) {A u - A s - A t )(2A s - A s - A t ) (A u - 2A S )(A S + A t - 2A S ) j 
U k j=l (ej-2A S ) { U k =l (0j-A u ) Y\U(0j-3A s ) U%i(dj-^t) 



+ 



A t - 2A S 



(A, - A U )(3A S - A u ) (A u - 3A s )(A t - 3A S ) (A u - A t )(3A s - A t ) ) 



The corresponding residue formula (16.241) also has 6 terms: 



fa - Zz){z\ - Z3)(z2 - Z3) II k ,=i(dj - Zl) 
eP[0 3 ] = Res Res Res — — x 

zl =oo Z2 =oo Z3 =oo n i= i(^i - zi) n,=i(^ - Z2) [\i=i(Ai - Z3) 



n k =i(0j-z2) 



2zi - zi 

+ 



n>i(^-z3) nU(0j-zi-z 2 ) ri/=i(^-2zi) 



(2zi - Z 3 )(Zi + Z2 - Z3) fa - Zi - z%)(2z\ - Zl - Z2) (Z3 -2zi)(Z! +Z2 - 2zi) y 
nj.i(»y-2zi) 



Z2 - 2zi 



n = i(^- - z 3 ) n k M (0j - 3zo n -=i(^ - z 2 ) 

+ ^ ; : + 



k fe - Z3>(3zi - Z3) fa - 3zi)(z2 - 3z0 fa - z 2 )(3zi - Zz) / 

Here, again, the last 5 terms vanish, and only the one corresponding to the distinguished 
fixed point ([1], [2], [3]) remains, leaving us with (17.21) . 

For d > 3, the variety O d c S d is singular. This means that the analogs of these formu- 
las involve calculation of equivariant multiplicities, which is a rather difficult problem. 
We present some of these computations in § [8] 

7.2. The vanishing of residues. In this paragraph, we describe the conditions under 
which iterated residues of the type appearing in the sum in (16.241) vanish. 

We start with the 1 -dimensional case, where the residue at infinity is defined by (16.51) 
with d = 1 . By bounding the integral representation along a contour |z| = R with R large, 
one can easily prove 

Lemma 7.2. Let p(z), q(z) be polynomials of one variable. Then 

Res P(z)dz =0 ifdeg(p(z)) + i <deg(q y 
z=oo q(z) 

Consider now the multidimensional situation. Let p(z), q(z) be polynomials in the d 
variables z\,...,Zd, and assume that q{z) is the product of linear factors q = Y\f =i Li, as 
in (17.21) . We continue to use the notation dz = dz\ ■ ■ ■ dzd- We would like to formulate 
conditions under which the iterated residue 

p(z) dz 

(7.5) Res Res . . . Res — - — 

zi=°°z2=°° zd=°o q(z) 

vanishes. Introduce the following notation: 

• For a set of indices S c {1, . . . , d), denote by deg(p(z); S ) the degree of the one- 
variable polynomial ps(t) obtained from p via the substitution z m —* \ * ^ ' 

1 if m £ S . 
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• For a nonzero linear function L = a + a\Z\ + ■ ■ ■ + cidZd, denote by coeff(L, zi) 
the coefficient af, 

• finally, for 1 < m < d, set 

lead(g(z); m) = max{/; coeff(L ; , zd ± 0} = m}, 

which is the number of those factors L ; in which the coefficient of z m does not 

vanish, but the coefficients of z m +\ , . . . , z</ are 0. 
Thus we group the Af linear factors of q(z) according to the nonvanishing coefficient 
with the largest index; in particular, for 1 < m < d we have 

d 

deg(g(z);m) > lead(g(z); m), and ^ lead(g(z); m) = N. 

m=l 

Now applying Lemma [7721 to the first residue in (17.51) . we see that 

p(zu,...,,z d -uZd)dz 
Res — — = 

Zd=°° q(zi,,...,,Zd-i,Zd) 

whenever deg(p(z);J) + 1 < deg(g(z), d); in this case, of course, the entire iterated 
residue (17.51) vanishes. 

Now we suppose the residue with respect to Zd does not vanish, and we look for 
conditions of vanishing of the next residue: 

, n ~ n n p(Zi,,...,,Zd-2,Zd-UZd)dz 

(7.6) Res Res . 

Zd-i=oo Zd =oo q(zu , ,Zd-2,Zd-\,Zd) 

Now the condition deg(p(z); d - 1) + 1 < deg(g(z), d - 1) will insufficient, for example, 

(7 .7) Res Res = Res Res (l - *±± + . . ) = 1. 



After performing the expansions (16.61) to 1 /q(z), we obtain a Laurent series with terms 
Zj" . . . such that i d -\ + id > deg(g(z); d - l,d), hence the condition 

(7.8) deg(/?(z); d - \,d) + 2 < deg(<?(z); d-\,d) 

will suffice for the vanishing of (|7.6I) . 

There is another way to ensure the vanishing of (17.61) : suppose that for i = 1, . . . , N, 
every time we have coeff(L;,z d _i) ^ 0, we also have coeff(L ! -,z rf ) = 0, which is equiv- 
alent to the condition deg(g(z), d - 1) = lead(g(z); d - 1). Now the Laurent series 
expansion of l/q(z) will have terms z\ n ■■■z" d ld satisfying i d -\ > deg(q(z),d - 1) = 
lead(g(z); d - 1), hence, in this case the vanishing of (17.61) is guaranteed by deg(p(z), d - 
1) + 1 < deg(g(z),<i - 1). This argument easily generalizes to the following statement. 

Proposition 7.3. Let p(z) and q{z) be polynomials in the variables z\,...,Zd, and as- 
sume that q(z) is a product of linear factors: q(z) = Y\f=i L t ; set dz = dz\ ■ ■ ■ dzd- Then 

„ „ p(z)dz 

Res Res . . . Res — - — = 

zi=°°z2= m zd=°° q(z) 

if for some I < d, either of the following two options hold: 

• deg(p(z); d, d - 1, ...,/) + d - 1+ 1 < deg(g(z); d, d - 1, . . , , 1), 
or 
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• deg(p(z); /) + 1 < deg(g(z); Z) = lead(#(z); /). 
Note that for the second option, the equality deg(g(z); /) = lead(g(z); V) means that 
(7.9) for each i = 1, . . . ,N and m > I, coeff(L,, zi) ± implies coeff(L,, z m ) = 0. 

Recall that our goal is to show that all the terms of the sum in (16.241) vanish except 
for the one corresponding to 7Td s t = ([1], • • • , [d]). Let us apply our new-found tool, 
Proposition [731 to the terms of this sum, and see what happens. 

Fix a sequence n = (tti, . . . , n^) e and consider the iterated residue corresponding 
to it on the right hand side of (16.241) . The expression under the residue is the product of 
two fractions: 

p(z) pi(z) p 2 (z) 



q(z) qi(z) q 2 (z)' 



where 



d k 



(7.10) — — = — and 



n n nn^'-^ 

1=1 sum(r)</ 1=1 i=l 

Note that p(z) is a polynomial, while q(z) is a product of linear forms, and that pi(z) 
and gi(z) are independent of n and k, and depend on d only. 

As a warm-up, we show that if the last element of the sequence is not the trivial 
partition, i.e. if nd + [d], then already the first residue in the corresponding term on the 
right hand side of (16.241) - the one with respect to Zd - vanishes. Indeed, if ± [d], then 
deg(q 2 (z); d) > n, while Zd does not appear in p 2 {z). Then, assuming that d «; n, we 
have deg(p(z); d) «; deg(^(z); d), and this, in turn, implies the vanishing of the residue 
with respect to Zd (see Proposition l7.3l) . 

We can thus assume that = [d], and proceed to the study of the next residue, the 
one taken with respect to Zd-i- Again, assume that n^-x £ [d - 1]. As in the case of Zd 
above, d «; n implies deg(p(z); d - 1) «c deg(<?(z); d - 1). However, now we cannot use 
the first option in Proposition 17 .31 because deg(p 2 (z); d - 1, d) = k > n. In order to apply 
the second option, we have to exclude all linear factors from q\(z) which have nonzero 
coefficients in front of both Zd-i and Zd- The fact that tzv/ = [d], and the restrictions 
sum(7Z7) < I, I = l,,..,d, tell us that there are two troublesome factors: (zd - Zd-i) and 
(zd - Zd-\ - Zi) which come from the two partitions: r = [d - 1] and r = [d - 1, 1] 
in the I = d part of q\(z). The first of the two fortunately cancels with a factor in the 
Vandermonde determinant in the numerator; as for the second factor: our only hope is 
to find it as a factor in the polynomial Q n . 

Continuing this argument by induction, we can reduce Proposition 17. II to the follow- 
ing statement about the equivariant multiplicities Q n , n eHj. 

Proposition 7.4. Let I > 1, and let n be an admissible sequence of partitions of the form 
(17.121) . where n\ ± [/]. Then for m > I, and every partition t such that I £ r, sum(r) < m, 
and |t| > 1, we have 

(7.H) (Zr-ZJIfir- 
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This statement will be proved in the next paragraph: §17.31 For now, we will assume 
that it is true, and give a quick proof of the result with which we started this section. 
Proof of Proposition \7.1\ Let 7r £ 7T dst be an admissible sequence of partitions. This 
means that there is / > 1 such that tt/ + [I], but n m = [m] for m > I: 

(7.12) 7T = (TTi,... 7r/,[Z + 2],..., M). 

Note that / does not appear anywhere in n, and thus we can conclude deg(p(z); /) «; 
deg(g(z); Z) from d «: n, as usual. This allows us to apply the second option of Propo- 
sition [73] to the residue taken with respect to Z/ as long as we can cancel from <?2(z) all 
factors which do not satisfy condition (17.91) . 

These factors are of the form z T - z m , where m > I and I e t. If |t| = 1, i.e. if r = [/], 
then we can find this factor in the Vandermonde determinant in the numerator. We can 
use Proposition 17 .41 to cancel the rest of the factors, as long as we make sure that such 
factors occur in q\(z) with multiplicity 1. This is straightforward in our case, since the 
variable z m with m > I may appear only in the mth factor of q\(z). □ 

7.3. The homogeneous ring of & and factorization of Q n . Now we turn to the proof 
of Proposition 17.41 Let n e IL; be an admissible sequence of partitions. Recall (cf. 
(16.221) ) that Q n is the TVequivariant Poincare dual of the part O n = pr~ l (0) n N„ of the 
orbit closure O in the linear chart N n (cf. (16.191) ): this latter linear space is endowed 
with coordinates u l T . defined in (16.141) . 

Our plan is to use Lemma 12.3 L which, when applied to our situation, says that the 
divisibility relation (17.1 II) follows if we find a relation in the ideal of the subvariety 
O n c N n expressing the appropriate variable u™ n as a polynomial of the rest of the 
variables. 

We will lift the calculation from & to the vector space Hom A (C^, Ym'C^). Denote by 
C[u°] the ring of polynomial functions on Hom A (C^, Ym'C^), i.e. the space of polyno- 
mials in the variables u[, 1 < I < d, sum(r) < /. As one can see from Definition l6.9[ and 
(16.141) . the relations on the two spaces are connected as follows: 

Lemma 7.5. Let Z e C[u°] be a polynomial on Hom A (C^, Sym'C"), and let M c 
Hom A (C^, Sym'C") be a closed subvariety, such that Z\M vanishes. Then the restricted 
polynomial Z = Z\N„, written in terms of the coordinates u.\ n , may be obtained from Z 
as follows: 

• setting u l n to 1, for I = 1 , . . . , d, 

• setting u™ to 0, for \ < I < m < d, 

• replacing the remaining variables u[ by u l , n . 

In addition, Z vanishes on M n N„. 

Eventually, using this lemma with M = B L s mf B R and MC\N n = O n , we will be able to 
produce the necessary relations in the defining ideal of O n c N n . As most of the action 
will take space in C[w*], our next task is to set up some convenient notation for this ring. 

The ring C[u°] carries a right action of the group B L , and a left action of the group 
B R . In particular, it has two multigradings induced from the T L and T R actions: the 
L-multigrading is the vector of multiplicities (mult(/,7r), i = l,...,d), while the R- 
multigrading is the Zth basis vector in Z d . A combination of these gradings will be 
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particularly important for us (cf. Definition [63]): 
(7.13) defect(w^) = / - sum(^); 

this induces a Z-°-grading on C[w*]. 

Recall that the projection B d — > T d is a group homomorphism, whose kernel is the 
subgroup of unipotent matrices. We denote the corresponding nilpotent Lie algebras of 
strictly upper-triangular matrices by n R and n L for B R and B L , respectively.. 

The two Lie algebras, n L and n R are generated by the simple root vectors 

A L = {Ef J+l ; l = l,...,d-\], andA R = {£* +1 ; I = 1, . . . , d - 1}, 

respectively, where E t l+l is the matrix whose only nonvanishing entry is a 1 in the /th 
row and I + 1st column. Let us write down the action of these root vectors on C[u°] in 
the coordinates u' T , \t\ < I < d. We first define certain operations on partitions: 

• given a positive integer m and a partition r € II, denote by rUm the partition 
with m added to t, e.g. [2, 3, 4] U 3 = [2, 3, 3, 4] 

• if m e t, then denote by r - m the partition r with one of the ms deleted, e.g. 
[2, 4, 4, 5, 5, 5, 6] -5 = [2,4,4,5,5,6]; 

• more generally, we will write [2, 4, 5, 5]U[3, 4] = [2, 3, 4, 4, 5, 5], and [2,4, 5, 5]- 
[4,5] = [2,5]. 

Returning to the Lie algebra actions, we have 

(7 14) j nRi ^ = M ^ nL = °' if sum ( T ) = l > 

\ E ?«, m+ A = <W*4 _1 , u l T E L mm+x = mult(m, t) 4_ mUm+1 , if sum(r) < I. 

where 8 a ^ is the Kronecker delta. Observe that both n R and n L act compatibly with the 
Tr x r L -multigrading, and they both decrease the defect (17.131) . 
The following subspace will play a key role in our calculations: 

(7.15) / = (Ze C[k']; n R Z = and [Zn^](e ref ) = for N = 0, 1, 2, . . .} , 

where rt^ is the subset {X[ X N ; X { e n L , i = I, . . . ,N} of the universal enveloping 

algebra of n L . 

Proposition 7.6. IfZ e I , then Z(e) = Ofor every e e B L s ief B R . 

Proof. First, observe that the actions of n R and n L described in (17.141) are compatible 
with the multigrading induced by the T R x T^-action, and hence, if Z is in Iq, then so are 
all of its T R x TVhomogeneous components. This means that without loss of generality 
we may assume that Z is a homogeneous element of Iq- 

For such Z, clearly, Z(s) = <=> t R Zt L {e) = for any t L e T L , t R e T R . Combining 
this with the condition n R Z = we can conclude that the zero set of Z is 5 s -invariant, 
hence it is sufficient to show Z(e) = for B L e m f. Now, since ker(5 L — » T L ) = exp(rt L ), 
the definition of Iq also implies Z(bs m f) = for all b e B L ., and this completes the 
proof. □ 

Remark 7.7. Before we proceed, we make a comment on the geometric meaning of Io- 
The space {Z e C[w*]; rt s Z = 0} is the homogeneous coordinate ring of fi, correspond- 
ing to the line bundles induced by the characters of T R . Then Proposition 17.61 may be 
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interpreted as saying that Io is contained in the ideal of functions vanishing on O. In 
fact, is not difficult to show that Iq is exactly this ideal. 

We will be looking for polynomials Z e Io in a particular subspace of C[w*]. To 
describe this space, introduce for each n e H d the monomial 

d 

(7.16) = Y\ u nr mese satisfy u^(e^) = 
Now consider the linear span of these monomials: 

(7.17) A = | ^ a n vF e C[u']; a n eC 

In order to write down our formulas for certain elements of A Pi Iq, we need to in- 
troduce two operations on H d . For a sequence of partitions n = (tti, . . . ,n d ) and a 
permutation cr e S d define the the permuted sequence 

n ■ a = (no-(i), . . .,no-{d)); 

this defines a natural right action of S d on Ii xd . Note that permuting an admissible 
sequence n e Il d does not necessarily result in an admissible sequence. 

The second operation modifies just one entry of 7r: for n e IL d and t ell, define 

7T U m T = (7Ti, . . . , , 7T m -i, n m U T, 7T m+ i, ...,7td). 

Now we are ready to write down our relations. 

Proposition 7.8. Let n e\V d be an admissible sequence of partitions and let t e U be 

any partition. Then following polynomial is an element of Iq'- 

(7.18) Rel(7r, r) = ^ sign(<r) u ff crUraT , 1 < m < d, a e S d , n ■ a U m r e U d , 

Remark 7.9. The sum in (17.181) may be empty. This happens when there are no pairs 
(cr, m) satisfying the conditions in (17.181) . Note, however, that no two terms of this sum 
may cancel each other. 

Proof We begin by noting that Rel(7r, r) is of pure T R x T L weight. Indeed, the torus T R 
acts on the whole space A with the same weight (1,1,...,1), while the /th component 
of the TVweight of a term of Rel(7r, r) is equal to mult(/, r) + Y? m =\ mu lt(^ n m ). 
Next, we show that 

(7.19) £f /+1 Rel(7T,r) = 0, l=l,...,d-\, 

which implies that %Rel(7r, r) = 0. Let us fix Z; the terms of Rel(7T, r) in (|7.18l) are in- 
dexed by pairs (cr,m), and we can ignore those pairs forwhich sum(7T/ + i)+£ m ,/ + iSum(T) > 
I + 1, since in this case Ef l+l u 7I ' a " J " ,T = 0. Then the vanishing (17.191) clearly follows if, 
on the set of the remaining pairs contributing to (17.181) . we find an involution (cr, m) h» 
(<t', m') such that 

£/?/+i u7r crU '" r = Ef^xf ^-' 7 and sign(cr') = -sign(cr). 
Indeed, it is easy to check that this holds for the involution 

(cr', m') = (cr • (/ I + 1), (I <-» I + l)(m)), 



Jl, if 7T = 7T' 

IO, otherwise. 
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where (I <-» / + 1) e Sj is the transposition of / and I + 1. This proves (I7.19I ). 
Our second task is to show that Rel(7r, r) is in the linear space 

I' = {Ze C[u']; [z<] (e ref ) = for N = 0, 1, . . . } . 

Using the Leibniz rule, it is easy to see see that V Q c C[u'] is an ideal. 

First we show that for partitions p,r eU and m > sum(p) + sum(r) the polynomial 

(7.20) Z™ = k™ Ut - «X' t + r = m,t> sum(p), r > sum(r) 
is in V Q . Indeed, a quick computation produces the equality 

Z™Ef l+1 = mult(Z, p)Z;: T + mult(/, r)Z^, where p' = p - I U [/ + 1], r' = t - I U [/ + 1]. 

This equality implies that it is sufficient for us to prove Z^(e ref ) = for the case m = 
sum(p) + sum(r). In this case we have 

(7.21) z; T = U ; UT - u^u s r iT \ 

and this polynomial clearly vanishes on e re f, because all three coordinates appearing in 
this relation are equal to 1 according to (|6.10l) . 

Now we return to the proof of Rel(?r, r) e Y Q . Using the fact that Z™ r is in the ideal 
modulo the we can replace all the factors of the form u™ , w in all the terms 
of Rel(7r, t) by the appropriate sum of quadratic terms in (|7.20l) . Our claim is that the 
resulting polynomial is identically zero, which implies that Rel(7r, t) 6 V Q . 

Indeed, let us perform this substitution; the terms of the resulting sum are parametrized 
by a triple (cr, m, r), which is obtained by applying (17.201) to the term of Rel(7r, r) indexed 
by (cr, m) and taking the term corresponding to r in (17.201) . The correspondence is thus 

(7.22) (cr,m,r)^wl ...u^ u™~! u'uT} ,...ut^. 

Just as above, we can see that the involution (cr, m, r) \-^> (a ■ {m <r* m - r), m, r) provides 
us with a complete pairing of the terms of the sum described above; each pair consists 
of identical monomials with opposite signs. This implies that indeed, the result is zero, 
hence Rel(7r, r) vanishes modulo I' , i.e. Rel(7r, r) 6 l' Q . □ 

Armed with these relations, we are ready to prove Proposition 17.41 Recall that ac- 
cording to the strategy described at the beginning of this paragraph, given n e 11^, m 
and r as in Proposition 17 .41 we need to find a relation of the form Rel(-, which, when 
restricted to N„, expresses the variable u™ n in terms of the rest of the variables. 

Thus the first thing is to study the conditions under which u™ n appears as the restric- 
tion of a monomial of the form . The following statement immediately follows form 
the prescription Lemma 173! 

Lemma 7.10. Given n = (ni, , . . e ILj, a positive integer m < d, and a partition 
t G II \ {n\, . . . , n c i\ satisfying sum(r) < m, we have \N„ = u'^for some n' e lid if 
and only if 

TZ = (m, . . .,7t m -i,T,7T m+ i, . . .,7Cd). 

Now let us take a closer look at the conditions of Proposition 17.41 We are given 
1 < I < m < d and r e II satisfying 

sum(r) < m, I e t and \t\ > 1, 
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and a sequence n of the form (17.121) with 717 + [/]. In view of Lemma 17 .101 the variable 
u"L will appear as the restriction to N„ of the term u p[JmT ^ ,] of a relation Rel(p, r \ [/]) as 
long as 

p = (n l ,...,,n l ,[l + l],[/ + 2],...,,[m- l],[Z],[m+ l],,...,,[d- 1], [d]) 

is admissible, which is obvious. We leave it to the reader to check is that the rest of 
the terms of Rel(p, r \ [/]) cannot contain U™ n as a factor. This completes the proof of 
Proposition 17 .41 and thus also the proof of Proposition 17. II □ 

This proof suggests a simple criterion for finding out for which 71 e Tld the monomial 

appears in one of the relations (17.181) . 

Definition 7.11. We will call an admissible sequence of partitions 71 = (711, . . . , tt^) 
complete if for every / e {1, . . . , d} and every nontrivial subpartition r c n h there is 
me{l,...,d) such that n m = r. 

Taking into account Remark [7791 we have the following criterion. 

Lemma 7.12. A monomial xx n appears in a relation Rel(p, r)for some p e lid and r e II 

if and only if 71 is not complete. 

1 A. The fixed points of the Inaction on O. As a small detour, based on the results of 
the previous paragraph, we obtain a rather powerful criterion for 71 e Il d not to belong 
to II^, i- e - we w iU construct a large number of r £ -fixed points which do not lie in O. 
We note, however, that describing the set IL5 remains an interesting open problem. Our 
starting point is (17.161) . 

Lemma 7.13. If the monomial appears with nonzero coefficient in a polynomial from 
A n Iq, then the fixed point s n i O, i.e. n i IL> 

Proof. Indeed, let Z be such a polynomial. According to Proposition 17 .61 a polynomial 
in Iq vanishes at all points of O. On the other hand, it is clear from (17.161) that all but 
exactly one of the terms of Z vanishes at s n , and hence Z(s n ) ^0. □ 

Combining this statement with Lemma 17 .121 we have the following. 

Proposition 7.14. Ifn e IL> i.e. ifs n e O, then the sequence tx is complete. 

This Proposition provides us a rather strict necessary , although, as an example below 
shows, not sufficient condition for n to be in IL> 

Example 7.15. (1) The sequence 



is complete, and, in fact, it corresponds to a fixed point. 

(2) For d = 3,4, the reverse of Proposition 17.141 holds: if n is complete then the 
fixed point s n lies in the orbit closure Od, see section §[8] 

(3) The completeness of n is a necessary but not sufficient condition for tx to be in 
11(5. An example is the following zero-defect sequence of partitions: let d = 60, 
t= [1,12, 12, 15,20] and set 



([1], [2], . . ., [d - 1], [/,m]), where l + m<d. 




p, if p c r and sum(p) = /, 
[/], otherwise. 
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By definition, this is a complete sequence of partitions, but it is not in O, which 
is left as an exercise. 

7.5. The distinguished fixed point and the main result. Now we turn our attention to 
our much simplified formula (17.21) for the Thorn polynomial of the Aj-singularity. 

The proof of the vanishing of the contributions to (|6.24l) . naturally, fails at the fixed 
point east- Indeed, for the for the factors (17.101) in the case of the distinguished sequence 
7r dst , we have deg(p 2 (z); > deg(g 2 (z); for I = \,...,d, and hence we cannot apply 
Proposition 17 .3 1 

The factorization arguments of §17.31 may be partially saved, however. Indeed, for 
the case of the distinguished partition 7r dst , each T L -weight z T - Z\ of N ds t appears with 
multiplicity one (cf. end of §17.21) . Hence, again, we can apply Lemmas 12.31 17. 101 and 
!7.12l to conclude that for |t| > 1, 

(z T - zd I £dst if ([1], [2], ...,[/- 1],t, [/ + 1], . . . , [d - 1], [d]) is not complete. 

Clearly, such a sequence is complete if and only if |r| = 2, and this means that in the 
fraction on the right hand side of (|7.3I) . we can cancel all factors between the numer- 
ator and the denominator corresponding to partitions r with |r| > 2. This reduces the 
denominator to the product of the factors with |r| = 2: 

\~[(z m + z r - Zi), 1 <m<r, m + r < I < d, 

while <2dst is replaced by a polynomial Q d , whose degree is much smaller than that of 
<2dst- Note that in this case no factors of the Vandermonde in the numerator are canceled; 
the fraction in (17.31) thus simplifies to 

(-!) rf Um<l(Zm ~ Zl) QdiZl, ■ ■ ■ , Zd) 

nd rr/-l i-rmin^nj-m)^ n 
Il/=1 IL=1 Il r= l (Zm+Zr-Zl) 

The polynomial Q d , just as Q d&t , only depends on d; we mark its ^-dependence explicitly. 

All that remains to do before we can formulate our final result, is to describe the 
geometric meaning of this cancellation, and that of the polynomial Qd itself. 

First, note that 7Tdst is of the defect-0 type, hence, according to Proposition 16.101 (3) 
and Lemma 16.131 we have an action of the upper-triangular group 5dst on AW given 
by (16.161) : moreover, e rei e N dst and (9 dst = B dst • e ref . Remarkably, this action is also 
linear (cf. Remark 16.121) . because the B L x 5 R -action on Hom A (C^, Sym'C") preserves 
the length of the partitions, and 7Td st contains all the partitions of length 1 . 

Next, define the linear subspace Nd c Ad St : 

(7.23) N d = {se N dst ; u^s) = for |r| > 2} c Hom(C", Sym 2 C rf ), 

and let pr : N dst Nd be the natural projection. Then (cf. Remark |2~!?1) we can conclude 
that 

(7.24) Q d = eP[O d , N d ], where O d = pr(Oi st ). 

In addition, it is easy to see that pr commutes with the 5 ds t-action, in particular, N d in 
Ad s t is 5 dst -invariant. The linear representation of B dst on N d is easily identified with an 
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action of degree-3 tensors (see the Theorem below). In any case, we have 



O d = B d s ref , where £ ref = pr(e ref ). 

Stripping our formulas of extraneous notation, we can formulate our main result in a 
self-contained manner as follows: 

Theorem 7.16. Let T d c B d c GL d be the subgroups of invertible diagonal and upper- 
triangular matrices, respectively; denote the diagonal weights ofT d byz\,---, z d - Con- 
sider the GL d -module of3-tensors Hom(C / , Sym 2 C rf ); identifying the weight-(z m +Z r -Zi) 
symbols q™ r and q™, we can write a basis for this space as follows: 

Hom(C / , Sym 2 C rf ) = @ Cqf r , 1 < m, r, I < d. 
Consider the reference element 



£ re f = 



d d-m 
m=l r=\ 



in the B d -invariant subspace 

(7.25) N d = Ofi r c Hom(C d , Sym 2 C d ). 



\<m+r<l<d 



Set the notation O d for the orbit closure B d s re f c N d , and consider its T d -equivariant 
Poincare dual 

Qd(zi,...,z d ) = oP[O d ,N d ] Td , 

which is a homogeneous polynomial of degree dim(N d ) - dim(O d ). 

Then for arbitrary integers n < k, the Thorn polynomial for the A d - singularity with 
n-dimensional source space and k-dimensional target space is given by the following 
iterated residue formula: 

(7.26) eP[0 d ] = Res ^ ^(Zm - zdQAzu ■ ■ ■ ,z d ) T7 RC (I) ^ d 

z =~ nf =1 riLli n™t m ' l - m Xz m +z r - zd U U/ 

where RC(-) is the generating function of the relative Chern classes given in (12.231) . 

Let us briefly review our the proof of this theorem. We began by interpreting the 
Thorn polynomial as an equivariant Poincare dual of a variety @ d in the space of map- 
jets (cf. (12.61) and Proposition 12.1 II) . Next, we constructed a birational model for 0^ in 
Proposition [5J~9l and then we applied a localization formula (13.131) to this model, which 
resulted in expression (|6.24l) for the Thorn polynomial. Finally, by studying certain 
explicit relations and under the assumption that d <sc n, we uncovered a cancellation 
phenomenon, which lead to the simplified formula (17.261) . 

Note that the formulation of Theorem 17 .161 is more general than to what we seem to 
be entitled: Proposition 17. 1 1 includes the assumption d «; n, while here we claim that 
our statement holds for any d and n < k. To finish the proof, we simply need to point our 
that according to Proposition ^. 12[ an expression of a Thorn polynomial in the relative 
Chern classes holds for large n, then the same expression works for any n. □ 

Let us make a few final comments. It is not difficult to see that formula (17.261) mani- 
festly satisfies all properties listed in Proposition ^. 121 In particular, it only depends on 
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the codimension k - n, and reducing the codimension by 1 leads to shifting the indices 
of the relative Chern classes down by 1 . Another benefit of the result is that it shows that 
the Thorn series introduced in iTToTl . which, in principle has infinitely many parameters, 
is governed by a finite object: Qd. A detailed study of the polynomial Qd will be given 
in a later publication [2]. In the final section of our paper, we turn to examples, and 
explicit calculations. 

8. HOW TO CALCULATE Q c p. EXPLICIT FORMULAS FOR THOM POLYNOMIALS 

Theorem 17.161 reduces the computation of the Thorn polynomials of the algebra Ad 
to that of the polynomial Qd, which is the equivariant Poincare dual of a 5^-orbit in a 
certain 5 rf -invariant subspace of 3-tensors in d dimensions. Note that the parameters n 
and k do not enter this picture; in particular, Q d only depends on d. 

Clearly, in principle, the computation of Qd is a finite problem in commutative alge- 
bra, which, for each value of d, can be handled by a computer algebra package such as 
Macaulay. However, the number of variables and the degree of Q d grow rather quickly: 
they are of order d 3 . More importantly, computer algebra programs have difficulties 
dealing with parametrized subvarieties already in very small examples. 

At this point, we do not have an efficient method of computation for Q d in general. 
The purpose of this section is to show how to compute Qd for small degrees: d = 
2, 3,4, 5, 6. At the end, we also present an application of our result to the conjectured 
positivity of the coefficients of the Thorn polynomials in Section 38.51 

8.1. The degree of Qd. The degree of the polynomial Q d is the codimension of the 
orbit BdS re f, or that of its closure Od, in Nd- 

Recall that Nd has a basis indexed by the set of indices {m+r < I < d}. An elementary 
computation shows that dim Nd is given by a cubic quasi-polynomial in d with leading 
term d 3 /24. 

On the other hand, we have 

ld+ 1\ 

dim(5 rf e ref ) = dim(5 rf ) - d\m{H d ) = 1 I - d = 

Next, denote by N® the minimal or defect-zero part of Nd spanned by the vectors 
WmA m+r = l^d), and let pr : Nd — > N% be the natural projection; note that e ref e Af°. 
Recall that Bd = TdUd, where Ud c Bd is the subgroup of unipotent matrices. It is easy 
to check that Ud acts trivially on N d \ and its action commutes with the projection pr . 

Now introduce the toric orbit TdS K f C N2 and its closure T c N2. The following is a 
simple consequence of the preceding arguments. 

Lemma 8.1. The projection pr restricted to the orbit B d s re f establishes afibration over 
the toric orbit TdS ie f. This map extends to a map between the closures O — » T, where 

Remark 8.2. We note that there are standard algorithms to compute the equivariant 
Poincare dual of a toric orbit - we presented some of these in the example of the toric 
orbit in 32.31 - but no such algorithm is known for Borel orbits. The fibration in Lemma 
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[8J] suggests that, in our situation, one might be able to reduce this latter problem to the 
former. We will pursue this idea in a later publication. 

Lemma I8TT1 implies, in particular, that the codimension of B d s K f is the sum of the 
codimensions of T in N® and the codimension in the fiberwise directions. We collect 
the appropriate numeric values in the following table: 



d 


dimd"=G) 


dim Nd 


deg Q d = codim(C)) 


dim(7~) = d - 1 


dim//° 


codim(7~) 


1 




















2 


1 


1 





1 


1 





3 


3 


3 





2 


2 





4 


6 


7 


1 


3 


4 


1 


5 


10 


13 


3 


4 


6 


2 


6 


15 


22 


7 


5 


9 


4 



The first 3 columns list the codimension of the closure of the Borel orbit O in N d , 
while the last three - the codimension of the closure of the toric orbit T in Af?. 
Now we are ready for the computations. 

8.2. The cases d=l,2,3. In these cases deg Q d = and thus Q d = 1; geometrically, this 
means that Od = £</, and thus Od = Nd- The case of d = 1 was described in 93.21 
For J = 2 we obtain 



(8.1) 



eP[0 2 ] = Res Res 



Zl - Z2 -R C (i RC i 



+ 



Zl =oo Z2 =oo 2zi —Z2 \ZiJ \zi, 
Expanding the iterated residue, one immediately recovers Ronga's formula [1421: 

k-n+ 1 

(8-2) eP[0 2 ] = c 2 k _ n+1 

For d = 3, the formula is 
(8.3) eP[0 3 ] = (-1) Res Res Res 



Ck-n+ \-iCk-n+\+i- 



i=l 



(zi - Z2>(Zl - Zi)(Z2 - z 3 ) 



Zl =oo Z2 =cx)£3=oo (2zi - z 2 )(zi + z 2 - z 3 )(2zi - z 3 ) 

RC ( ij RC ( ij RC ( ij z^' 1 z^" d Zl dz 2 dz3. 
This is a more compact and conceptual formula for eP[0 3 ] than the one given in Q. 

8.3. The basic equations in general. As our table in §18.1l shows. the polynomial Qd is 
not trivial when d > 3. As a step towards its computation, we describe a set of equations 
satisfied by O c Nd and T c Af°. We will call these equations basic. 

The equations will be written in terms of the coordinates w^ dst on A/dst introduced in 
(16.141) . where now we assume that |r| = 2. Clearly, these variables form a dual basis to 
the basis {q' mr } of N d . We will streamline our notation by writing u' mr instead of u' [mr]ldst ; 
naturally, we have u l mr = u l rm , and r + m < I. 

The construction is as follows. If i + j + m < I, then the sequence 

7t(i, j, m; Z) = ([1], [2], ...,[/-!], [i, j, m], [I + 1], . . . , [d - 1], [d]) 
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is admissible but not complete, hence u ff( '' im;/) will appear as a term of some of the 
relations Rel(p, r) introduced in Proposition 17.81 In fact, it appears in three different 
relations: 

for r = [z], pi = [j, m], for r = [j], p, = [z, m], and for r = [m], p, = [i, j]; 

in all cases p r = [r] for r # /. Next, we reduce the relation Rel(p, r) according to 
the prescription of Lemma 17.51 After the reduction, only the terms corresponding to 
the identity permutation and those corresponding to the transpositions of the form ( s, I) 
survive; for example, in the case r = [m], we obtain the "localized" relation 

l-i 

(8-4) U\ jm = £ u) m u\, 

s= j+m 

Note that the number of terms on the right hand side is / — (i + j + m) + 1, which is the 
defect of u\- plus 1. 

We obtain two other expressions for u\. when we choose t to be [j] or [k], and 
the resulting equalities provide us with quadratic relations among our variables u' mr , 
m + r < I < d. 

Proposition 8.3. Let (i, j, m; /) be a quadruple of nonnegative integers satisfying i + j + 
m < I < d. Then the ideal of the variety O c N c i contains the relations 

l-i l-j l-m 

(8.5) R(i, j, m; : £ ftjX = £ u\J js = £ u^u l ms . 

s= j+m s=i+m s=i+ j 

Remark 8.4. • In general, the quadruple (z, j, m; /) gives us 2 relations. If i = j + 
m, then the number of relations reduces to 1, and if i = j = m, then (18.51) is 
vacuous. 

• The equalities R(i, j, m; /) with i + j + m = I are relations of the toric orbit closure 
T c N®. We will call these equations toric. 

8.4. d=4,5,6. The first nontrivial case is d = 4: here deg Q 4 = 1, i.e. O4 = B^s xs f is a 
hypersurface in A/4. Checking the table at the end of § 18.11 we see that the codimension 
of the toric piece 7~4 in A/? is the same as the codimension of <9 4 in A/4. This means that 
e 4 = eP[f : 4,A/ 4 ]. 

It is not surprising then to find that the only basic equation is a toric one, correspond- 
ing to the quadruple (1, 1, 2, 4): 

(8.6) R(l, 1,2; 4) : u 2 n u 4 22 = u\ 2 u A n . 

We note that this toric hypersurface is essentially our example from §12.31 The variety 
defined by (|8.6I) in A/4 is irreducible, and has the same dimension as O4, therefore it 
coincides with <9 4 . We have already determined the equivariant Poincare dual in this 
case in a number of ways: it is the sum of the weights of any of the monomials in the 
equation. This brings us to the formula 

(8.7) Q4(Zl,Z 2 ,Z3,Z4) = (2zi - z 2 ) + (2z 2 - Z4) = 2zi +z 2 - 7a- 
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As a result we obtain 
eP[0 4 ] = Res Res Res Res f~[ RC (-) z k f n dzi 

Zl=oo Z2 =oo Z3 =oo Z4 =oo 11 \Zl) 

(Zl - Z2)(Zl ~ Z3)(Zl ~ Z4)fa ~ Z3X.Z2 ~ Z4)fa ~ Za)(2zi + Z2 ~ Z4) 
(2zi - z 2 )(zi +Z2- Z3>(2Zl - Z3>(Zl + Z3 - Z4)(2z 2 - Z4)(Zl + Z2 - Z4>(2Zl - Za) 

d=5: Again, we consult our table. We have dim N 5 = 13 and codim<9 5 = 3, while 
dim = 6 and codim7~ 5 = 2. 
Let us list our variables. 

6, ■ i />, 5 /, > 5 ^4 ^ 4 ^ 3 ^ 2 
tOrlC . ^^4? ^23' ^13' ^22' ^12' ^11 

4 defect- 1 : w^ 3 , h^, w j 2 ' " 1 1 ' 
2 defect-2 : Mj 2 , Wj 1; and 

1 defect-3 : Sj r 

There are 3 toric equations, which necessarily involve the toric variables only: 





tf(l,l,2;4): 


~3 ~4 
M 12 M 13 


~2 ~4 
— U^U 2 2 


(8.8) 


tf(U,3;5): 


~5 ~4 
^14^13 


~5 ~2 

- w 2 3 M n 




tf(l,2,2;5): 


^5 ~4 
M 14 M 22 


_ ~5 ~3 



and one defect- 1 equation: 

(8.9) i?(l,l,2;5): Wj 3 Wj 2 + w^w^a = "n"22 + "23"n 

We observe that the toric equations 08.81) describe the vanishing of the 3 maximal 
minors of a 2 x 3 matrix. This is an irreducible toric variety, thus we can again argue 
that it coincides with T 5 . Fortunately, this variety is a special case of the A [-singularity, 
this time with n = 2 and k = 3. Substituting the appropriate weights into (13.91 ), we 
obtain: 

(8.10) eP[<f 5 ,A>°] = 

_ (Zl +Z 2 - Z 3 )(2zi - Z 2 )(Zi + Z4 - z 5 ) - (2z 2 - Z 4 )(Zi +Z3- Z4XZ2 + z 3 - zs) _ 

Zl + Z4 — Z2 _ Z3 
= 2z\ + 3ziZ2 — 2ziZ5 + 2z 2 Z3 — Z2Z4 — Z2Z5 — Z3Z4 + Z4Z5. 

Let M 5 denote the variety determined by the basic equations. Notice that for fixed 
u\ 2 , u 5 u , w 23 (18.91 ) is linear in the remaining variables. This means that outside the 

codimension-2 subvariety 7~ 5 ' in T5 where these 4 variables vanish, the natural projection 
M 5 — > T5 is the projection of a vector bundle onto its base, which implies that M 5 is 
irreducible, and thus M 5 = O5; the fibers of this vector bundle are hyperplanes in the 
7-dimensional complement of N9 in A/5. It is also clear from (18.91) that the variety 
determined by the relation R(l, 1, 2, 5) is transversal to pr^CTs) outside the part lying 
over T 5 ', and hence we can conclude that eP[0 5 ,N 5 ] is the product of eP[T 5 , and 
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the weight of the relation R(l, 1,2; 5). The latter equals 2zi + Zi - Zs, hence the final 
result is 

Qs(Zl,Z2,Z3,Z4,Zs) = (2Z1 +Z2-Z5)(2z 2 l +3z l Z2-2ziZ 5 +2z2Z3-Z2Z4-Z2Z5-Z3Z4+Z4Z 5 )- 

d=6 

Now Q(, is a degree-7 polynomial in 6 variables, and one needs the help of a computer 
algebra program to do the calculations. Here we summarize our computations with 
Macaulay. 

Let M(, denote, again, the variety defined by the basic equations. It turns out, that the 
codimension of M 6 in is equal to the codimension of <9 6 , however, M 6 contains two 
maximal dimensional components, namely, 

3 3 ^ 5 ^ 6 ^ 6 ^ 6 \ 
6 = \^11> W 12' ^11> W 14' W 14' ^15' ^24' 

and 

Ml = (basic equations,./?}, 

where the extra relation is 

rj * 4 * 4 ^5 ^6 ■ ^4 ^4 ^5 ^6 , ^4 ^4 ^5 * 6 , ^4 ^4 ^5 ^6 

./v — i/ 12^ 12^23 ^33 ^22^13^12^33 ^13^13^22^23 ^22^13^23^13 

4 ^4 ^ 5 ^ 6 4 ^ 4 ^5 ^6 /y 4 /y 4 5 6 /y 4 ^4 ^5 ^6 / \ 
U^^U 1 1 ^23^33 ^13^12^22^33 ^22^13^13^23 ^13^13^23^22 — 

The weight of i? is 2zi + 3z 2 + 3z 3 - 2z 4 - z 5 - z 6 . Since (9 6 is irreducible, we have 
$6 = Mg. The other component, Mg, is a linear subspace, and we obtain Q 6 as 

Q 6 = eP[M 6 ]-eP[Mi]. 

Having described the vanishing ideal of by explicit relations, using Macaulay, one 
then obtains Q^, this formula is too long to present here. 

8.5. An application: the positivity of Thom polynomials. It is conjectured in Il44l 
Conjecture 5.5] that all coefficients of the Thom polynomials Tp^ - ** expressed in terms 
of the relative Chern classes are nonnegative. Rimanyi also proves that this property 
is special to the A^-singularities. In this final paragraph, we would like to show that 
our formalism is well-suited to approach this problem. We will also formulate a more 
general positivity conjecture, which will imply this statement. 

We start with a comment about the sign (-l) d in our main formula (T7.26I) . Recall from 
(|6.5I) in §16.21 that, according to our convention, the iterated residue at infinity may be 
obtained by expanding the denominators in terms of zrfZj with i < j and then multiplying 
the result by {-l) d . This sign appears because of the change of orientation of the residue 
cycle when passing to the point at infinity. This means that if we compute (17.261) via 
expanding the denominators, then the sign in the formula cancels. 

Now we are ready to formulate our positivity conjecture. 
Conjecture: Expanding the rational function 

T\m<l(Zm - Zl) Qd(ZU ■ ■ - ,Zd) 
/=1 1 l m =l 1 l r= l (Z m + Z r -Zl) 

in the domain \zi\ <8C • • • «; \zd\, one obtains a Laurent series with nonnegative coeffi- 
cients. 
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This statement clearly implies the nonnegativity of the coefficients of the Thorn poly- 
nomial. 

At the moment we do not know how to prove this conjecture in general. However, we 
observe that the expansion of a fraction of the form (1 - /)/(l - (/ + g)) with / and g 
small has positive coefficients. Indeed, this follows from the identity 

= i + . 

i-/-s i-/-s 

Now, introducing the variables a = Z1/Z2 and b = Z2/Z3, we can rewrite the above fraction 
in the d = 3 case as follows: 

(zi - z 2 )(zi - z 3 )(z 2 - Z3) 1 -a l-ab l-b 

(2zi -Z2XZ1 +Z2 -Z3>(2zi -z 3 ) l-2a 1 - 2a& \-b-ab' 
Applying the above identity to the right hand side of this formula immediately implies 
our conjecture for d = 3. As a token reward for having followed our paper this far, we 
offer to the reader the rather amusing exercise of proving the same statement for d = 4. 
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9. List of notations 

• Sf(n)'- algebra of power series in n variables, without constant term r §11.11 . 
3 d (n) : J-jets of holomorphic functions on C" near the origin r §11.11 . 
J d (n,k): map-jets, i.e. d-jets of maps (C' ! ,0) (C*,0) [ gLU - 

• Lin: linear part of a germ or jet I" §11.11 . 

• Diff £ /(n): the group of d-jets of diffeomorphisms of C" fixing the origin r §11.11 . 

• Aip: the nilpotent algebra of the map germ T* [ §11. 11 . 
A d : the nilpotent algebra tC[t]/t d+1 [§0- 

• & A , &£* k : set of jets with nilpotent algebra A r(fL2l)l. 
Q d , Sy k notation for Q Ad [§Q. 

• 7C, Kdin, k): the contact group [(TOl)!. 

• eP[Z, W] T : T-equivariant Poincare dual of 2 c W \$2Al$2?2%. 
Euler T (W): the equivariant Euler class of the T-module W r (|2.4l) l. 
emult ; ,[M, Z]: equivariant multiplicity of M in Z at p e M [ (12.131) 1. 

• RC(g): the generating function of the relative Chern classes r (12.231) 1. 

• Tp^~**(/i, 0): the Thorn polynomial of a nilpotent algebra A, [Definition [231. 
Tp^ - **: the Thorn polynomial of A = A rf . 

TD^: the Thorn-Damon polynomial [Proposition 12. 1211 . 

• \n\, sum(7r) , max(7r) , perm(7r): the length, the sum, the maximal element and the 
number of different permutations of the partition n [Notation 14.211 . 

II[m]: the set of all partitions of m, [ (|4.6I) 1. 

• ^Tj g (L n): set of curve-jets with nonvanishing linear part [ (14.11) 1. 
y: test curve J d (l,n) fd43T)l. 

¥ = Q¥\ . . . , ¥ d ) = (A, B,C,.. .): map-jet in J d (n, k) [(EH)]. 

• Qd{n): the quotient Jj g (l, rc)/Diff d (l) [diagram (|4.14l) and Proposition E3. 

• Gr(-<ifc, JTd(n, k)): the Grassmannian of codimension-dk linear subspaces in 

fc) [diagram (l4T4l) l. 

• Sol e , Sol £ c JTd(n, fc): the linear subspace of solutions of e [Definition I5.4L also 
(l4~T0l) l. 

Sol^, SoLj: vector bundles with fibers Solg and base T d {n) and S [ (15.121) 1. 

• Hom A (-, ■): filtration preserving linear maps between two filtered vector spaces 
[(EH)]- 

• ifr. the map Hom(C/, C") Hom(C^, Sym'C") defined in ([53]). 

• 5 Tdin) c H o mA (^,Sym'C"): r(l5JT)-(l5^T)l. 
T d (n),T™ % (n): quotients by 5#-action [Lemma [531 . 

• e: element of T d in) thought of as a nonsingular system of linear equations. 
s: image of s under the projection is T d (ri) — > T d (ri) [Definition 15 .41 . 

• V: bundle over T d {n) and 8 associated to the standard representation of B R 
[Lemma [531. 

• Hom reg (C£, C"): the maximal-rank elements of Hom(C d , C") [(EH]. 

• Flag rf (C"): variety of full flags of d-dimensional subspaces of C" [Lemma l5.13ll . 

• Ind(X): the induced space Ind(X) = Hom reg (C^, C") x Bl X [Definition EE!. 

• Ym'C d L : the filtered subspace of Sym'C" introduced in (15371) . 
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Hom A (C^, Ym'C^): the space of filtration-preserving maps with respect to the 
filiations (15.271) and ((531) . 

£: the nondegenerate part of Hom A (C^, Ym'C d L ) H|528H . 

£: the quotient S/B R [Proposition 15 .1711 ; pr £ :£—>£: the projection. 

<^Gr> 4>f, <% and (p: injective morphisms r d4.14l) . (l5.15l) . Proposition 15 . 1 VII . 

y ref : the sequence (ex,..., e d ) e Hom reg (C^, C"), 

f ref : the corresponding flag in Flag d (C") [Definition 15 .141 . 

£ re f: the reference system ^(y re f) m £ r (|5.22l) l. 

e re f = pr £ (£ re f): the corresponding point in £ [Definition 15 .41 . 

H d : the set of admissible sequences of partitions [Definition l6.6ll . 

defect(^): integer defined for n e ILj [Definition [631, 

n^: the set of admissible sequences corresponding to fixed points in O [ (17.41) 1. 

s n : the system £ corresponding to the admissible sequence n [ (16.121) 1. 

Sret = pr £ (£;r) e £: the corresponding T-fixed point in £. 

(9 = 5je re f c £, the closure of the Borel orbit of £ re f [diagram (16.11) 1. 

A/^: the affine-linear subspace of £ associated to n c IIj [Definition 16 .911 . 

(9^: the piece of the orbit closure O in the chart N n [ (16.181) 1. 

i£ coordinates on Hom A (C^, Ym'C^) r d538b l. 

defect(w^.): integer defined for sumO) < / [ (17.131) 1. 

h'^: coordinates on N n [ (|6. 141) 1. 

7r dst : the distinguished sequence of partitions [ (17.11) 1. 

£dst> A/dst, <5dst 5 etc.: simplified notation, replacing 7r dst by "dst" in the indices. 
N d c A/d s t: a linear subspace [ (|7.23l) l. 
pr : A/dst - » A/^: linear projection, 

a = pr(o dst ) c N d mmi 

u 1 ' coordinates on N d obtained as the restriction of u\ v , t [ §I8.3L 

mr " [m,rj|dst Lot u 

Qfi'- the equivariant Poincare dual of the fiber of our mode over f re f [ (16.41) 1. 

Q n : the equivariant Poincare dual of O n in N„ [ (16.221) 1. 

<2dst : simplified notation for the equivariant Poincare dual of <9 ds t m A/d St , 

Q d : The equivariant Poincare dual of O d in N d [ (17.241) 1. 

Io' the ideal of the subvariety O c £ [Definition 17 . 1511 . 

deg(p(z);5), coeff(L,z/), lead(g(z); m): [ §17.21 after Lemma I7T21 . 

C[u']: polynomial functions on Hom A (C^, YmT^) [g73]before LemmaOl. 

u n : a monomial in C[u'] depending on n e H d [ (|7.16l) l. 

A: subspace of C[u'] r dTTTTl) ]. 

Rel(p, r,): the relation (17.181) in I . 
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